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Chapter 1

Financial Derivatives

Assume that the price of a stock is given, at time t, by S;. We want to study
the so called market of options or derivatives.

Definition 1.0.1 An option is a contract that gives the right (but not the
obligation) to buy (CALL) or shell (PUT) the stock at price K (strike) at time
T (maturity of the contract).

The profit or payoff of this contract is:
(57— K)+

in the case of a CALL or
(K —57)+

for a PUT.

Problem 1: ;How much should the buyer pay for the option? This is called
the pricing problem.

Problem 2: How the seller of the contract can guarantee the quantity (St —
K); (in the case of a CALL) from the price charged. This is the hedging
problem.

Assumption: we are going to assume that the financial market is free of
making profit without risk or free of arbitrage opportunities. We also assume
that there is a continuous interest rate r in such a way that one euro becomes

e’ euros at time T. We have the following result.

Proposition 1.0.1 (PUT-CALL parity) If the market is free of arbitrage op-
portunities and Cy is the price of a CALL, at time t, with strike K and maturity
T and P; the put price, with the same strike and maturity, we have

C,—P=8—-Ke ™ forall0<t<T

Proof. We shall see that otherwise there will be arbitrage. Assume for

instance that
Cy— P> 5 — Ke_T(T_t).
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Then at time ¢t we buy a unit of stock, one PUT and we sell one CALL. The
profit we obtain by this trade is

Cy— P, — 5.

If this quantity is positive we can put it in a bank account until time T with
interest rate r. If it is negative we can borrow it with the same interest rate At
time T we can have two situations: 1) If S > K the owner of the CALL will
exercise the option, then we will give him the stock by K, in total we will have

(Cy — P, — Sy) T L K
- (Ot P —5+ Ke*’(T*”) (T 5 .

2) If St < K, we will exercise the PUT and we will sell the stock by K, we
will have again (C; — P, — Sy) e"(T=1) 4 K that is positive. So there will be an
arbitrage opportunity. An analogous situation happens if

Cy— P < S — Keir(T?t).

1.1 Discrete time models

The values of the stocks (shares, commodities or other stocks) will be random
variables defined in a certain probability space (2, F,P). We will consider
an increasing sequence of o-fields (filtration) : Fy C F; C ... € Fy C F.
Fn, represents the available information at the instant n. The horizon N, will
correspond with the maturity of the options. We shall assume that € is finite,
Fo ={0,9}, and Fy = F = P(Q2) and that P({w}) > 0, for all w € Q.

The financial market will consist on (d + 1) stocks whose prices at instant n
will be given by positive random variables S9, S!, ..., S¢ measurable with respect
to F,, (that is, the prices depend on what has been observed so far, there is not
privilege information). In many cases we shall assume that F, = U(S,i, e
S,Ccl, 0 < k <), in such a way that whole the information will be in the prices
observed until this moment.

The super-index zero corresponds to the riskless stock (a bank account) and
by convention we take S§ = 1. If the relative profit of the riskless stock is

constant:
Spe1— Sn
—— =7r >0
S0 -

we will have
SO =801 +7)=S0(1+ )"

The factor 8, = <z = (1 + )" will be called the dicount factor.

1
59—
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1.1.1 Strategies of investment

A strategy of investment is a stochastic processes (a sequence or random vari-

ables in the discrete time setting) ¢ = ((¢%, 8L, ..., ¢%))o<n<n in RITL ¢

indicates the number of stocks of ¢ kind in the portfolio at the instant n. ¢ es
predictable that is:

¢4 is Fo-measurable
(;5; es F,,_1-measurable, forall 1 <n < N.

This means that the positions in the portfolio at n were decided at n — 1. In
other words, during the period (n — 1,n] the quantity of stocks of ¢ kind is ¢Z,.
The value of the portfolio at n is given by the scalar product

d
Vn(¢) = ¢y - Sn = quizsrlm
=0

and its discounted value

with

S, =(1,6,5, ..., 8,589 = (1,5}, ..., §%)

Definition 1.1.1 An investment strategy is said to be self-financing if
¢nSn:¢n+ISn70§n§N_1

Remark 1.1.1 The meaning is tat at n, once the new prices S, are an-
nounced, the investors relocate their portfolio without add or take out wealth: if
there is an increment ¢n11—@n of stocks the cost of this trade is (¢p+1—dn)-Sn,
and we want to do this without any cost so ¢, - Sy = dpi1 - S, 0 <n < N —1.

Proposition 1.1.1 An investment strategy is self-financing iff:
Vis1(0) = Va(@) = dns1 - (Spt1 — Sn),0<n <N —1

Proposition 1.1.2 The following statements are equivalent: (i) the strategy ¢
is self-financing, (i) for all1 <n < N

M=

V() = Vo(d)+D_ ¢5-(S;=Sj-1) = Vo(@)+_ 6;-A8; = Vo($)+)

Jj=1 Jj=1 J

PiAS!

n

—
-
I
=)

(iii) for all1 <n < N

U

Va(9) = Vo(@)+_ 65-(85=51) = Vo(9)+D_ 6508 = Vo()+

j=1

0505
1
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Proof. (i) is equivalent to (ii):

n

Va(d) = Vo(8) + > _(Vi(¢) = Vi-1(9))

j=1

= Vo(o) + Z ¢ - (S; — Sj—1) ,(previous proposition)

(i) is equivalent to (iii): the self-financing condition can be written as ¢, - S, =
Ont1-Sn,0<n <N -1, s0

Vis1(6) = Vi(¢) = dns1 - (Sps1 — Sn),0<n < N —1

and
Vo(0) = Vole) + Z(%(sﬁ) ~Vi-1())
= Vo(9) + 365 (55 = 8j1)
| |

The previous proposition tell us that any self-financing strategy is defined
by its initial value Vj and for the positions in the risky stocks. More precisely:

Proposition 1.1.3 For any predictable process ¢ = (9L, ...; 0 o<n<n and

any random variable Vo Fo-measurable, there exists a unique predictable process
(¢%) such that the strategy ¢ = (9%, ¢n, ..., #%))o<n<n is self-financing with
initial value V.

Proof.
Va(d) = Vo(d) + > _ ;- (S; — S-1)
=1
=Vo(@) + Y6+ (S, — 5;-1)
=1
d
i=1
Therefore

n—1 d
0% = Vo(@)+ D 05+ (85 = Sjm1) = D 6uSi1 € Fura
j=1 i=1
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1.1.2 Admissible strategies and arbitrage

First of all note that we are not doing any assumption about the sign of the
quantities ¢¢. ¢! < 0 means that we borrowed this number of stocks and con-
verted in cash (short-selling) or, if i = 0, we borrowed this number of monetary
units and converted in stocks (a loan to buy stocks). We assume that any unit
of cash at 0 becomes (14 7)™ at n. We shall assume that loans and short-selling
are allowed provided the value of the portfolio is always positive.

Definition 1.1.2 A strategy ¢ is admissible if it is self-financing and V,(¢) >
0, for all0 <n < N.

Definition 1.1.3 A strategy of arbitrage is an admissible strategy with zero
iniatial value and with final value different from zero.

Remark 1.1.2 Note that if there is an arbitrage we can get a strictly positive
wealth with a null initial investment. Most of the models of prices exclude ar-
bitrage opportunities. A market without arbitrage opportunities is said to be
viable. The next purpose will be to characterize viable markets with the aid of
the notion of martingale.

Exercise 1.1.1 Consider a portfolio with initial value Vi = 1000a and formed
by the following quantities of risky stocks:

Stock 1 Stock 2
n>0 200 100
n>1 150 120
n>2 500 60

The prices of he stocks are

Stock 1 Stock 2

n=0 3.4 2.3
n=1 3.5 2.1
n=2 3.7 1.8.

To find out, at any time, the amount invested in the riskless stock in the portfolio
assuming that r = 0.05 and that the portfolio is self-financing.

Solution 1.1.1 Assuming that the value at time t = 0 is Vo = 1000, we can
calculate the initial composition of the portfolio according with the positions in
the risky stocks ¢1 = (200,100) and leaving the remainder of the 1000 euros
in the bank account 1 y 2. Later we calculate how the value of the portfolio
change in terms of change of prices between instants 0 and 1. We rebuilt our
portfolio according with e positions ¢o = (150,120), in the bank account we leave
the remainder after buying the indicated quantities of stocks 1 and 2. Later we
calculate again how the value of the portfolio evolves.
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Stock N¢ shares Pricet=0 Valuet=0 Preciot=1 Valort=1

0 90 1 90 1,05 945

1 200 3.4 630 35 700

2 100 2,3 230 2,1 210
Total 1000 10045

Stock N¢ assets Pricet=1 Valuet=1 Pricet=2 Valuet=2

0 216,67 1,05 22275 1,103 238,88

1 150 3,5 525 3,7 555

9 120 2.1 252 1,8 216
Total 10045 1009,88

Exercise 1.1.2 Consider a financial market with one single period, with inter-
est rate r and one stock S. Suppose that Sg = 1 and, for n = 1, Sy can take
two different values: 2, 1/2. ;For which values of r the market is viable viable
(free of arbitrage opportunities)? swhat if S1 can also take the value 17

Solution 1.1.2 We want to calculate the values of r such that there is an arbi-
trage opportunity. We take a portfolio with zero initial value Vy = 0. Then we
invest the amount q in the stock without risk, we have to invest —q in the risky
stock (q can be negative or positive). We calculate the value of this portfolio in
the time 2.

Vi(wi) = q(r —1)

Vi(ws) = q(r +1/2)

So, if r > 1 there is an arbitrage oppportunity taking q positive (money in the
bank account and short position in the risky stock) and if r < —1/2 we have
an arbitrage opportunity with q positive (borrowing money and investing in the
risky stock). The situation does not change if S1 can take the value 1.

Exercise 1.1.3 Consider a financial market with two risky stocks (d = 2) and
such that the values at t = 0 are S} = 9.52 Eur. and S = 4.76 Euros. The
simple interest rate is 5% during the period [0, 1]. We also assume that at time
1, S1 and S? can take three different values, depending of the market state:
wi,wa, w3 Si(wi) = 20 Eur., Si(wz) = 15 Eur. and S}(ws) = 7.5 Eur, and
S%(w1) = 6 Eur, S?(w2) =6 Eur. and S7(ws) = 4. ;Is that a viable market?

Solution 1.1.3 To know if he market is viable we have to check if there are
arbitrage opportunities. We take a portfolio with initial value equal to zero and
we see if the yield can be non-negative in all states of time 1 with some of them
strictly positive yield. Let g1 and qa be the amounts invested in the stocks 1
and 2 respectively. Since the initial value of the portfolio es zero, we should
have —9.52¢qy — 4.76q> in the bank account. Then we calculate the value of our
portfolio at time 1 for all possible states.

Vi(w1) = 10.004¢; + 1.002¢2

1% (wg) = 5.004¢q; + 1.002¢2

Vl (W3) = —2.4964(]1 — O.QQSQQ.
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It is easy to see that there is a region of the plane where the three expres-
sions are positive at the same time (see Figure 1), therefore there are arbitrage
opportunities.

Figura 1

1.1.3 Martingales and opportunities of arbitrage
et (Q,F, P) a finite probability space. With F = P(Q) y P({w}) > 0, for all

todo w. Consider a filtration (Fy,) <, < -

Definition 1.1.4 We say that a sequence of random variables X = (X,)o<n<nN
are adapted if X,, es F,-measurable, 0 < n < N.

Definition 1.1.5 An adapted sequence (My)o<n<n, is said to be a

submartingale if — E(My11|Fn) > M,
martingale if E(My11|Fn) = M,
supermartingale if E(Mp41|Fn) < M,

forall0<n< N -1
Remark 1.1.3 This definition can be extended to the multi-dimensional case
in a component-wise fashion. If (M,)o<n<n is a martingale is easy to see that

E(My4|F,) = M,,5 > 0;E(M,) = E(My),n >0 and that if (N,,) is another
martingale, (aM, + bN,,) is also a martingale. We shall omit the sub-index.

Proposition 1.1.4 Let (M,,) be a martingale and (H,) a predictable sequence,
let AM,, = M,, — M,,_1. Then, the sequence defined by

Xo = HoMj
X, = HyM, + ZHjAMj,n > 1 is a martingale
j=1

Proof. It is enough to see that for all n > 0

E(Xpi1 — Xu|Fn) = E(Hp 1AMy 11| Fn) = Hy 1 E(AM,, 4| F,) =0

Remark 1.1.4 The previous transform is called martingale transform of (M,,)
by (Hy). Remind that

Va(9) = Vo(@) + ) @5 - AS;
j=1
with (¢;) predictable. Then if ( 2-) is a martingale, we will have that (V,,) is a
martingale and in particular E(V,(6)) = E(Vo(d)) = Vo(d).
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Proposition 1.1.5 An adapted process (M,,) is a martingale iff for all pre-
dictable process (H,,) we have

N
E(>  H;AM;) =0 (1.1)

Proof. Assume that (M,) is a martingale Then (??mart) follows by the
previous proposition. Assume that (1.1) is satisfied, then we can take H, =
0,0 <n < j,Hjsy =14 with A€ Fj, Hy = 0,n > j. So

EQQa(Mj41 — Mj)) =0.

Since this is true for all A this is equivalent to E(M;4q1 — M;|F;) = 0. But this
is true for all j. =

Theorem 1.1.1 A financial market is viable (free of arbitrage opportunities)
if and only if there exists P* equivalent to P such that the discounted prices of
the stocks ((S%),7 =1,...,d) are P*- martingales.

Proof. Assume there exists P* and let ¢ and admissible strategy with zero
initial value, then

Vn = i Pi - Agi
i=1

es una P* martingale and consequently
Ep-(Vy) =0

and since Viy > 0 we have Viy = 0 (because P*(w) > 0 for all w). So, there is
not arbitrage.

We identify each random variable X to a vector in RE ) (X (w1), ..., X (Weara))-
Suppose now that there is not arbitrage and let I" be the set of random variables
strictly positive define in Q (that is random non-negative variables such that for
some w € 2 their value is strictly greater than zero). Consider the subset, S,
compact and convex of the random variables in I such that > X (w;) = 1. Let
L = {Vn(p), ¢ be a self-financing strategy, Vo(v) = 0} (it is clear that L is a
vectorial of RE474(2)) . Also, (we shall see it later) LNS = ¢. As a result of the
hyperplane separation theorem there exists a linear map A such that A(Y) > 0
foralY € S and A(Y)=0i#fY € L. AYY) =>.A\Y(w;). Then all \; > 0
(since A(Y) >0 for all Y € S) and we can define

g

and for all ¢ predictable

N
Ep-()_ i AS;) = Ep-(Vy) = S,
i=1 v
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So, by the previous proposition, Sis a P*-martingale (proposition anterior).

See know that LNT = ¢ (and a fortiori LN S = ¢). Assume it is not true
in such a way that there exists ¢ self-financing with V() € T'. Then, from ¢,
you can built an arbitrage strategy: let

n = sup{k, Vi() 20}

note that n < N — 1 since Vny(p) > 0. Let A = {V,,() < 0}, define the self-
financing strategy such that for all i =1,...,d

I 1ag j>n
Then, for all k > n
~ k _ k _ n ~
Vi(0) = Z Lapj - ASj =14 Z@j'ASj—Z%'ASj
j=n+1 j=1 j=1

= 14 (Vi) = V(%))
s0 0 is admissible and Vy(f) > 0in A. m
Remark 1.1.5 P* is named martingale measure or neutral probability.

Exercise 1.1.4 Consider a sequence {X,,}n>1 of independent random variables
with law N(0, 02). Define the sequence Y, = exp (a> i X; —no?), n > 1,
for a a real parameter, and Yo = 1. Find the values of a such that the sequence
{Y,}n>0 is @ martingale (supermartingale) (submartingale).

Exercise 1.1.5 Let {Yn}n21 be a sequence of independent, identically distributed
random variables

Set So=0and S, =Y1+---4+Y, ifn>1.
Check if the following sequences are martingales:

f5n

MO - =
" (cosh§)™’

n>0

M2 = Zsign(Sk,l)Yk, n>1, M =0
k=1

MP =82 _p
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Exercise 1.1.6 Consider a discrete-time financial market, with two periods,
interest rate r > 0, and a single risky stock, S. Suppose that S evolves as:

n=>0 n=1 n=2

9
8/‘1’2
e Nior
5\17101 6
4"
N1-—pg
3

a) Find p1, ps i ps, in terms of r such that the probability is neutral. b) Assuming
that r = 0.1, give the initial value of a derivative with maturity N = 2 and payoff
#. Construct first the portfolio that covers the risk of the derivative and see
its initial value. Check that this value coincides with the expectation, with respect
to the neutral probability, of the discounted payoff.

Exercise 1.1.7 Find the neutral probabilities in the market model of Exercise
1.1.3 assuming that only stock 1 is tradable.

Theorem 1.1.2 (Hyperplane Separation Theorem) Let L a subspace of R™ and
K a convex and compact subset of R™ without intersection with L. Then there
exists a linear functional ¢ : R™ — R such that ¢(x) = 0 for all x € L and
¢(x) >0 for all z € K.

The proof is based in the following lemma:

Lemma 1.1.1 Let C be a closed convex set of R™ not containing the origin,
then there exists ¢ : R™ — R, linear, such that ¢(x) > 0 for all x € C.

Proof. Let B(0,r) a ball of radius r and centered at the origin, take r
sufficiently big in such a way that B(0,7) NC # ¢. The map

B0,r)nC — R,

n 1/2
o ol = (Zx?)
=1

is continuous and since it is defined in a compact set there will exist z € B(0,r)N
C such that ||z|| = inf,ep(o,mnc ||2]| and it satisfies ||z|| > 0 since C does not
contain the origin. Let x € C, since C is conver Az + (1 — X\)z € C for all
0< A<1. It is obvious that

Az + (1= A)z] = [[2]] >0,

then
Nzoz 4201 -Nz-2+(1-XN?*2-2>2-2,

equivalently
M- z4+z-2)+201 =Nz -2—2X\z-2>0.
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Take A > 0, then
Me-z+z-2)+2(l=Nz-2>22-2
and taking the limit when A — 0 we have
r-z>z-2>0.

Then it is enough to take ¢ (x) =xz-z. W
Proof. (of the theorem) K —L={ue R, u=k—1l,ke€ K,l € L} is closed
and convez. In fact, let 0 < A <1 andu,u € K — L

A+ (1= N = e+ (1= Nk — (M + (1= )])
-1

Il
ol

where k € K (by converity of K) and | € L (since it is a vectorial space), then
it is convex. Furthermore, if we take a sequence (up) € K — L converging to u,
we have that u,, = k, — 1, with k, € K,l, € L, that is l, = k, — u,. But since
K is compact, there exists a subsequence k. that converges to a certain k € K,
50 Uy, will converge to k —u, and since l,,, is a convergent sequence in a closed
vectorial space (R is for all d) we will have k —u =1 € L, in such a way that
u=k—1le€ K—L. Now K — L does not contain the origin and by the previous
proposition there exists ¢ linear such that

o(k) — o) > 0, para todo k € K y todo | € L.

Moreover, since L is a vectorial space ¢(l) has to be zero. In fact if we assume
for instance that ¢(1) > 0, then Al € L for all A > 0 arbitrary big and we will
have that

o(k) > Ag(l),

but this is impossible if ¢(k) es finite. Finally, since ¢(I) = 0 we have that
¢(k) >0 forallke K. m

1.1.4 Complete markets and option pricing

We define a European option, derivative or contingent claim as a contract with
maturity NV and with a payoff h > 0, where h is Fy- measurable.

For instance a call is a European option with payoff h = (S} — K)4, and
a put h = (K — S)+, and an Asian option is a European one! with h =

(& Xie St - K)y

Definition 1.1.6 A derivative defined by h is said to replicable if there exists
an admissible strateqy ¢ such that replicates h that is Viy(¢) = h.

Proposition 1.1.6 If ¢ is a self-financing strategy that replicates h and the
market is viable then it is admissible.
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Proof. Vy(¢) = h and since there exists P* such that E,- (Vi (¢)|Fn) =
Vi (¢), we have V,,(¢) > 0. m

Definition 1.1.7 A market is said to be complete if any derivative is replicable.

Theorem 1.1.3 A wiable market is complete if and only if there is a unique
probability P* equivalent to P under which the discounted prices are martingales

Proof. Assume that the market is viable and complete, then, given h Fy-
measurable there exists ¢ admissible, such that Viy(¢) = h that is:

e
SN

N
Vn(6) = Vo(o) + D _ ¢ - AS; =

j=1

Assume there exist P; and P, martingale measures, then

Ep1<£> — Vo(9)
EP2<5%V> — Vo(9)

and since this is true for all h Fy-measurable both probability are the same in
Fn=F.

Assume now that the market is viable but incomplete, we shall see that we
can built more than on e neutral probability. Let H be the subset of random
variables of the form

N
Vo+ > ¢;-AS;
j=1
with Vo Fo-measurable and ¢ = ((¢L, ..., #2))o<n<n predictable. H is a vectorial
subspace of the vectorial space, F, formed by all random variables. Moreover it

15 not trivial, in fact since the market is incomplete there will exist h such that
SO ¢ H. Let P* be a neutral probability in F, we can define the scalar product

(X Y) = Ep+(XY). Let X be an random variable orthogonal to H and define
X(w) |\ o
2
Then we have an equivalent probability to P* :
X(w)
2/ XTfoo

** * EP*(X)i
2P =3 P+ g =1

since 1 € H and X is orthogonal to H. Also, by this orthogonality
EP*(XZ 0 AS)

N N
Epe g = Ep- g S

in such a way that S is a P**-martingale by Proposition 1.1.5. m

P (w)=01+

P (w) = (1+

)P*(w) > 0
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Pricing and hedging in complete markets

Assume we have a derivative with payoff h > 0 and that the market is viable
and complete. We know that there exists ¢ admissible, such that Vy(¢) = h
and if P* is the neutral probability neutral we have that

~ n ~
Va(6) = Vo(g) + > _ 6, - AS;

Jj=1

is a P*-martingale, in particular
h . -
EP*(STV:n) = Ep-(Vn(9)|Fn) = Vi(9)
N

that is
h

—_ jL‘
(I1+7r)N-n [7n)
so, the value of the replicating portfolio of h is given by the previous formula

and this gives us the price of the derivative at time n that we shall denote by
Chp, that is C,, = V,,(¢). Note that if we have a single risky stock (d = 1) then

h
V(o) = SgEP*(STU:n) = Ep-(
N

and we can calculate the hedging portfolio if we have an expression of C as a
function of S.

The binomial model of Cox-Ross-Rubinstein (CRR)

Assume a model with one risky stock that evolves as:
Sn(w) = So(1+b)7 (1 4 a)n=Un(@)

where
Un(w) = &1(w) + &2(w) + ... +En(w)

and where &; are random variables wit values 0 or 1, that is Bernoulli random
variables, and a <71 < b:

n=>0 n=1 n=2.
So(1+b)? <
So(1+b) {
So < So(1+b)(1+a) {
So(1+a)l

So(]. + (Z) 2 <

We can also write
Sp = Sn_1(14b)5 (14 a)t=@)
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then

o g (Ltb T 1ta "*U"_g 1+0\* (1+a\'" "
R e 147 I 1+7r '

For S,, to be a martingale with respect to P* we need

Ep- (Sn |fn71) :Snfl

and if we take F,, = o(Sg,S1,...,S,) we have that the previous condition is

equivalent to
£n 1_577,
1+ 1+4+a
Ep« Fu_1) =1
P((1+r) (1+r) [Fn-1)

that is

1+b\ ., 1+a\ o0/, _
<1+r) Pr(&n = 11Fp-1) + (1+T>P (bn = 0[Fp1) =1

and consequently

r—a

P* nzl n— - 5

(€0 =1/Fur) =
. . b—r
P(gn:o|fn71):1_P(571:1']:”*1)2177&

Note that this conditional probability is deterministic and does not depends on
n, so under it &;,i = 1,..., N are independent, identically distributed random
variables with common distribution Bernoulli(p), for p = $=%. P* is unique as

well, so the market is viable and complete. So, under the neutral probability
P*

Sy = Sn(l 4 b)fn+1+~~~+§N (1 4 a)N*n*(§n+1+m+EN)
= Sp(1+b)VrN (1 + a)N = Wen

with W, v ~Bin(N — n,p) independent of S, S,_1,...51. Since we have the
neutral probability we can calculate the price of a call at time n

B (Sy — K)
= tr. (i)
(Sp(1+b)Wen (1 4 @)N—n=Wnn _ K)
= Ep, ( (ETreT *m)
N—n

(Sp(1+b)F(1 4 a)VN-""F — K) N—-n e
= (14 )~ +( k )pk(l_p)N k
W S N-n (p(1 +b))F((1 = p)(1 + @)V -7+
53 () (e

N-—n
SRR Dl (R PR b
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where
k* =inf{k,S,(1+0)*1+a)V "% > K}
log & — (N —n)log(l+a
= inf{k, k > 85, : 3 sl +)
log(1£2)
Note that
pl+d)  (-p(i+a)
1+7r 1+7r ’
so, if we define
__p(l+b)
b= 1+7r

we can write

= N-n ) L\ N-n—k
Cn=5> L p(1-p)

k=k*

= N-—n
~ K4y ( % )pk (1—p™ 7t
k=k*

= S, Pr{Bin(N —n,p) > k*} — K(1+ )" Y Pr{Bin(N —n,p) > k*}

Hedging portfolio in the CRR model
We have that
‘/n = ¢9L(1 + T)n + d)ibsn-

Fixed S,_1, S, can take two value S* = S,,_1(1+b) 6 S = S,,_1(1 + a) and
analogously V,,. Then

Ve — Vd
l——2 __n 1.2
¢n Sn—l(b . CL) ( )
and
80— Vit — ¢854
no (I+r)»

In the case of a call, if we take n = N we have:

ol = Vi - Vi _ Syl +b) - K)y —(Sv-1(1+a) - K)+.
N SN_l(b—a) SN_l(b—a)
Now we can calculate by the self-financing condition the value of the portfolio
at N —1:

Vo1 = ¢+ )N+ opSyoa
and from here ¢ _; using (1.2) again.
Example 1.1.1 The following example is a compute program written in Math-
ematica to calculate the value of a call and put for a CRR mode with the
following data: Sy = 100 eur., K =100 eur. b=0.2, a = —0.2, r =0.02, n =4
periods.
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Clear([s, call, pul;
s[0] = Table[100, {1}];
a=-0.2; b=0.2; r=0.02; n=4;
p=(-2a/-a);
s[x_] := s[x] = Prepend[(1 + a)*s[x - 1], (1 + b)*s[x - 1]1[[1]1]1];
ColumnForm[Table[s[i], {i, 0, n}], Center]
pplx_] := Max[x, 0]
call[n] = Maplpp, s[n] - 100]; puln] = Map[pp, 100 - s[nl];
call[x_] := call[x] =
Drop[p*call[x + 1]1/(1 + r) + (1 - p)*RotatelLeft[call([x +
11, 11/ + ), -1]
ColumnForm[Table[call[i]l, {i, O, n}], Center]
pulx_] := pulx] = Dropl[p*pulx + 11/(1 +
r) + (1 - p)*Rotateleft[pulx + 1], 11/(1 + ), -1]
ColumnForm[Table[pul[i], {i, 0, n}], Center]

Example 1.1.2 Consider a CRR model with 91 periods a = —b. We want to
calculate the initial value of a Furopean call where the underlying is a share of
Telefonica.

o Maturity: 3 months (91 days=n) (T = 91/365).

o Clurrent price of the share of Telefonica 15.54 euros.
o Strike 15.54 euros.

e Interest rate 4.11 % annual.

o Annual volatility: 23,20% ( b*=volatility®> x T/n)

Clear[s, cl;

n = 91;

so = 15.54;

K = 15.54;

vol = 0.232;

T = 91/365;

r = 0.0411%T/n;

b =vol*Sqrt[T/n];

a =-b;
p=(-2a/-a);
qa=1-p;

s[0] = Tablel[so, {1}];
s[x_] := s[x] = Prepend[(1 + a)*s[x - 1], (1 + b)*s[x - 1I1[[1]1]1];
pplx_] := Max[x, 0];
c[n] = Maplpp, slnl - XJ;
clx_] := c[x] = Droplp*c[x + 1]1/(1 + r) +
g*RotateLeft[c[x + 1], 11/(1 + r), -1];
clol[[1]1]
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Exercise 1.1.8 Consider a financial market with two periods, interest rate
r = 0, and a single risky asset S'. Suppose that S} = 1 and for n = 1,2,
St =Sl &, where the random variables &1, & are independent, and take two
different values: 2, %, with the same a probability. a) Is that a viable market?
Is it complete? Find the price of a European option with maturity N = 2 and
payof f maxo<n<a SL. Find the hedging portfolio of this option.

Assume now that we have a second risky asset in this market with S2 such
that S2 =1 and forn =1,2

‘9721 = S’EL—I/”]WJ

where the random variables n,, take three different values s 2,1, %, N1 Yy N2 are
independent and

P(nn :2‘571:2) =1,

3 1

P n = 1 n=—>5)= 35>
(n 6 =7) =3
1 3 2
P(ﬂn—§\€n—1)—§7

in such a way that the vector (&,,1y) takes only the values (2,2), (3,1), (3,3)
with probabilities %, %, % b) Prove that these two assets S}, S2 form a viable
and complete market and calculate the neutral probability. Is it possible to know
the value of the European option mentioned in a) without doing any calculation?

Why?

Exercise 1.1.9 Prove that if X, £ X, X absolutely continuous, and a,, —
a € R, then P{X,, <a,} — P{X <a}.

Exercise 1.1.10 Let {X,j, j = 1,....,k,, n = 1}, where k, = oo , a tri-
angular system of centered and independent random wvariables, fixed n, with

X, = O(k;l/z), and such that Z?;l E(X2;) — o > 0, prove that S, =
2521 Xnj 5 N(0, 02)'

Exercise 1.1.11  Assume now a sequence of CRR binomial models where the
number of periods depends of n and such that

rT
n

1+r(n)=en,

1+b(n)=e"Vm,

T

1+a(n)=eVn,

Prove that for n big enough the markets are viable. Calculate the limit of the
price of a call at the initial time when n — oco.
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Exercise 1.1.12 Consider the analogous situation as in the previous exercise
but with

1+b(n)=¢€",

1+a(n) = e,

where 7>0y0 <A<
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1.1.5 American options

An American option can be exercised in any time between 0 and IV, and we shall
define an (F,)-adapted positive sequence (Z,,) to indicate the immediate payoff
when it is exercised at time n. In the case of an American call Z,, = (S, — K)+
and in the case of an American put Z, = (K — S,)+. To obtain the price, U,
at time n, we proceed by doing a backward induction. Define Uy = Zy. At
time N — 1, the owner of the option can choose between receiving Zy_1 or the
equivalent amount to a Zy at time N — 1 that is the amount to replicate Zy
at N — 1 given by S _,Ep-(Zn|Fn_1) (we are assuming that the market is
viable and complete and that P* is the neutral probability). Obviously he will
choose the maximum of the two amounts, so we have

UN,1 = maX(ZN,l, S?VflEP* (Z]ﬂf]vfl))
and by backward induction
U, = max(Zy, SO Ep- (U 11|Fn))

or analogously

U, = maX(ZmEp*(Un+1|.7:n))70 <n<N-1

Proposition 1.1.7 The sequence (U,) is the smallest a P*-supermartingale

that dominates the sequence(Zy,)

Proof. (U,,) is adapted and by construction
EP*(ﬁn-&-l‘Fn) S Un-

Let (75,) be another supermartingale that dominates (Z,), then Ty > Zy =
Uy. Assume that T;,11 > U,41. Then, by the monotony of the expectation and
since (73,) is a supermartingale

T > Ep-(Tny1|Fn) > Ep-(Uny1|Fy)

moreover (T,,) dominates (Z,), so
T, > maX(ZnyEP*(Un+1|fn)) = Uvn
|

Remark 1.1.6 If we exercise the option at time n, we receive Z,, and the initial
value of this is 5
Vo = Ep«(Zn|Fo),

since we can exercise the American option at any time {0,1,.., N} one wonders
if ~
UO = sup Ep* (Z,,‘fo),
v
where v is a random time, where the decision on stopping at time n is made

according with the information we have till this time n. That is {v = n} € F,.
The answer, as we shall see later, is positive.
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1.1.6 The optimal stopping problem

Definition 1.1.8 A random variable v taking values in {0,1,..., N} is a stop-
ping time if
{v=nteF, 0<n<N

Remark 1.1.7 Equivalently v is a stooping time if {v < n} € F,, 0<n<
N, definition that can be extended to the continuous case.

Now we introduce the concept of a stochastic process ”stopped” by a stop-
ping time. Let (X,,) be an adapted stochastic process and v a stopping time,
then we define

X, = X,a, para todo n.

Note that )
v . X, sin <v(w
Xn(w) = { Xo@w) sin>v(w)

Proposition 1.1.8 Let (X,,) adapted, then (X)) is adapted and if (X,,) is a
martingale (sup, super), then (X)) is a martingale (sub, super).

nAv
Xy =Xonw = X0+ Z(Xj - X;-1)
j=1
:XO+Z]-{j§y}(Xj - Xj-1),

Jj=1

but {j < v} = {r<j—-1} € F;j_1 con lo que 1y;<,} es F;_i-measurable
and the sequence (¢;) con ¢; = lgj<,y is predictable. Obviously X} es F,-
measurable and
E(Xryz—ﬁ-l - X’I’VL“Fn) = E(l{n+1§V}(Xn+1 - Xn)|~7:n)

super

= 1nqr1<y E(Xny1 — Xn|Fn) S 0if (X)) es martingala
sub

The Snell envelope
Let (Y},) an adapted process (to (Fy,)), define

Xy =Yy
X, = max(Vy, E(Xp4+1]Fn)), 0<n<N-1,

we say that (X,,) is the Snell envelope of (Y},).

Remark 1.1.8 Note that (f]n), the sequence of the discounted prices of the
American options is the Snell envelope of discounted payoffs (Zy,).
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Remark 1.1.9 By Proposition 1.1.7 the Snell envelope of an adapted process
18 the smallest supermartingale that dominates it.

Remark 1.1.10 Fized w if X,, is strictly greater than Y, X, = E(X,41|Fn)
so X, behaves, until this n as a martingale, this indicates that if we "stop” X,
properlywe can have a martingale.

Proposition 1.1.9 The random variable
v=inf{n>0,X, =Y,}
is a stopping time and (XY) is a martingale.
Proof.

{l/ = n} = {X() > Yo} n...N {Xn,1 > Ynfl} n {Xn = Yn} e F,.

And
Xy =Xo+ ) 1< (X) = Xj1)
Jj=1
therefore
Xo1 =Xy = i<y (X1 — Xa)
and
E(Xrut—i-l - X1l’:|]:n) = E(l{nJrlgu}Xn—i-l - 1{n+1§u}Xn|‘7:n)a
but
1{n+1§V}X’n = 1{n+1§u} maX(an E(Xn+1|f’ﬂ))
= maX(l{nJrlgV}Yna E(l{n+1§u}Xn+l|‘7:n))
= E(l{n+1§u}Xn+l‘]:n))a
since
1{n+1§y}Xn > 1{n+1§u}Yn~
| ]

We denote 7,y stopping times with values in {n,n +1,...,N}.
Corollary 1.1.1

XO = E(Yy|f0) = Ssup E(Y7|f0)

TETO,N
Proof. (X¥) is a martingale and consequently

Xo = E(X¥|Fo) = E(Xnav|Fo)
= E(X,|Fo) = E(Y,|Fo).
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On the other hand (X,,) is supermartingale and then (X)) as well for all 7 €
To,N , SO
Xo > E(X}|Fo) = E(X7|Fo) = E(Y-|Fo),

therefore
E(YV|.7:()) > E(Yr|f0), V7 € TO,N

(]
Remark 1.1.11 Analogously we could prove

X, =EY,, |F.) = sup E(Y.|F,),

TETH, N

where
v, =inf{j > n,X; =Y}
Definition 1.1.9 A stopping time v is said to be optimal for the sequence (Yy,)
if
E(Y,|Fo) = sup E(Y:|Fo).

TETO,N

Remark 1.1.12 The stopping time v = inf{n, X,, =Y, } (where X is the Snell
envelope of Y ) is then an optimal stopping time for Y. We shall see the it is
the smallest optimal stopping time.

The following theorem characterize the optimal stopping times.

Theorem 1.1.4 7 is an optimal stopping time if and only if

X, =Y,
(X7) is a martingale

Proof. If (X7) is a martingale and X, =Y,

Xo = E(X§N|Fo) = E(Xnar|Fo)
= E(XT|]:O) = E(YTU:O)

On the other hand for all stopping time 7, (X7) is a supermartingale, so
Xo > E(Xy|Fo) = E(Xx[Fo) 2 E(Yx|Fo).

Reciprocally, we know, by the previous corollary, that Xo = sup, ¢,  E(Y7|Fp).
Then, if 7 is optimal

Xo = E(Y;|Fo) < E(X,|Fo) < Xo,

where the last inequality is due to the fact that (X)) is a supermartingale. So,
we have
EX,-Y:|Fo)=0
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and since X, — Y, > 0, we conclude that X, =Y.
Now we can also see that (X7) is a martingale. We know that it is a super-
martingale, then

Xo > B(X]|F0) > B(X§|Fo) = B(X,|Fo) = X
as we saw before. Then, for all n
E(X;, — E(X7|F0)|Fo) =
and since (X7) is supermartingale,
X > E(XK|Fn) = E(X-|Fn)
therefore X7 = E(X,|F,). &
Decomposition of supermartingales
Proposition 1.1.10 Any supermartingale (X,,) has a unique decomposition:
X, =M, — A,
where (M,,) is a martingale and (A,) is non-decreasing predictable with Ag = 0.

Proof. It is enough to write

n n

Xo =Y (X; — B(X;|F;-1)) = > (X1 — E(X;|F;-1)) + Xo

Jj=1 Jj=1

and to identify

M:

My, (X; = B(X;|Fj-1)) + Xo,

<.
Il
—

A, (Xj—1 — E(X;]Fj-1))

<
Il
—_

-

where we define My = Xy and Ag = 0. So (M,,) is a martingale:
M, — M,_1 = X, — E(Xn|Fa_1), 1<n<N
in such a way that
E(M, — M, 1|Fn-1)=0, 1<n<N.
Finally since (X,,) is supermartingale

Ay —Apy=Xp1 — E(Xu|Fu_1) >0, 1<n<N.
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Now we can see the uniqueness. If

M, —A,=M,— A, 0<n<N
we have

M, - M, =A,—-A,, 0<n<N\,

but then since (M,,) y (M) are martingales and (A,,) y (A]) predictable, it
turns out that

Ay 1 — A =M, 1—M, |, =EM,— M |F._1)
=FE(A, - A, |F._1)=A,—Al,, 1<n<N,

that is
Ay — Ay =An_1—Ay_1=..=Ag— A, =0,

since by hypothesis 4g = A; =0. =
This decomposition is known as the Doob decomposition.

Proposition 1.1.11 The biggest optimal stopping time for (Y,) is given by

» . N si Ay =0
maT A inf{n, 4,11 >0} si Ay >0

where (X,,), Snell envelope of (Y,,), has a Doob decomposition X, = M, — A,.

Proof. {Vmax = n} = {A1 = O,A2 =0, 7An = O,An+1 > O} € Fn,
0<n<N—1,{Vnax =N} ={An =0} € Fy_1. So, it is a stopping time.

Vmax — _ —
X’nmdx - Xn/\l’max - Mn/\Vmax - An/\Vmax - Mn/\Vmax

since Apnp,,.., = 0. Therefore (XZm=x) is a martingale. So, to see that this
stopping time is optimal we have to prove that
X Vmax — L vmax
N—1
XVmax = Z 1{Vmax:j}Xj + 1{Vmax:N}XN
j=1
N—1

1=y max(Yy, E(X;41|7;)) + 1 =N YN,
1

j
but in {¥max = j}, 4; =0, 4,41 > 0so
E(Xj1]Fj) = E(Mj11]Fj) — Ajp1 < E(Mja|F;) = M; = X

therefore X; = Y} en {Vmax = j} and consequently X =Y, ... Finally we see

that is the biggest optimal stopping time. Let 7 > vpax and P{T > vmax} > 0.
Then

Vmax

E(XT) = E(MT) - E(AT) = E(MO) - E(AT)
=Xy — E(AT) < Xo

50 (X;an) cannot be a martingale. ®
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1.1.7 Application to American options

Another expression for the price of American options
We already saw that the price of an American option with payoffs (Z,,) was
given by

Unv =2Zn
U, = max(Z, S0 Eps (Upy1|Fn)) sin < N —1.

In other words, the sequence of discounted prices (Un) is the Snell envelope of

the discounted payoffs (Z,,). The previous results allow us to say that

U, = sup Ep*(ZT|.7:n),

TETn, N

or equivalently

Z;
U, =S, sup EP*(@U'})-

TETn,N

Hedging of American options

By the previous results we know that we can decompose

where (M,,) is a P*-martingale and (A,,) is an increasing and predictable with
zero value at n = 0. If we receive the amount Uy we can built the self-financing
portfolio replicating My In fact, since the market is complete, any positive
payoff (we assume that (Z,) > 0), can be replicated, so there will exist ¢ such
that

or what is the same R 3
Vn(¢) = My
but (V,,(¢)) and (M,) are P*-martingales in such away that V,(¢) = M,,0 <
n < N. Note that then we have
and therefore

In other words with the money we receive we can super-hedge the derivative.

Optimal exercise of the American option

Assume we buy an American option and we want when to exercise the option.
That is, we want to know which stopping time 7 to use. If 7 is such that
Ur(w)(Ww) > Z;(u)(w) it is not worth to exercise the option since its value U (. (w)
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is greater than we would obtain if we exercised: Z,(,(w). So, we will look for
7 such that U, = Z,. On the other hand we will look for A, = 0, for all
1 <n <7, (or equivalently A, = 0) otherwise, from certain time it would be
better to exercise the option and to built a portfolio with the strategy ¢. In
such a way that Via,(¢) = Uran, but then (U;) is a P*-martingale and this
together with U, = Z, are the two conditions for 7 to be an optimal stopping
time for (Z,).

Note that from the point of view of a seller, if the buyer does not exercise
the option at an optimal stopping time then or U, > Z, or A, > 0 and in
both cases, since the seller has invested the prime to built a portfolio with the
strategy ¢, he will have the profit

V() — Z, =U, + Ay — Z; > 0.

Example 1.1.3 Here it is shown how to calculate the premium of an American
put option with maturity of 3 months on stocks whose current value is 60 euros,
the strike price is also 60 euros (at the money) , the annual interest rate is 10%
and the annual volatility 45%. We assume a CRR model with 12 periods. It is
also analyzed in which nodes is convenient to exercise the option.

Clear[s, pa, vc, vi];

T = 1/4;n =12;80 = 60;K = 60;vol = 0.45;ra = 0.10;

r = ra*T/n;b =vol*Sqrt[T/n];a=-b;

p=(r-a)/(b-a)

q=1-p;

pp[x] := Max[x, 0]

s[0] = Table[so, {1}];

s[x.] := s[x] = Prepend[(1 + a)*s[x - 1], (1 + b)*s[x - 1][[1]]];
ColumnForm[Table[s[i], {i, 0, n}], Center]

pa[n] = Map[pp, K - s[n]];

palx_] := palx] = K - §]

x] + Map[pp, Drop[p*pa[x + 1]/(1 + r) + q*RotateLeft[pa[x + 1],
/(1 + 1), -1] - K + sfx]

ColumnForm[Table[pali], {i, 0, n}], Center]

ve[n] = Map(pp, K - s[n]];

velx.] := Drop[p*palx + 1]/(1 + r) + q*RotateLeft[pa[x +
1, /(1 + 1), -1

vifi-] := Map[pp, K - s[i]]

ColumnForm[Table[vc[i] - vi[i], {i, 0, n}], Center]
ColumnForm[Table[pal[i] - vi[i], {i, 0, n}], Center]

Exercise 1.1.13 Obtain the following bounds for the call prices (C) and for
the put ones (P) European (E) and American (A):

max (S, — K,0) < C,(E) < C,(A);
max(0, (1+7)" K = 5,) < Po(E) < (1+7)" VK
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Exercise 1.1.14 Consider a viable and complete market with N periods of trad-
ing. Show that, with the usual notations,

(STK)+> ((SNK)+>
Eo | “f—F ) =Ep [ ———*
T, stos;)ligg time @ ( (1 + T)T @ (1 + T>N

where Q) is the risk neutral probability.

Exercise 1.1.15 Let {CE}N | be the price of a European option with payoff
Zy and let {Z,}N_, be the payoffs of an American option. Demonstrate that if
CE>Z,n=0,1,...,N—1, then {C2}_, (the prices of the American option)
coincide with {CE}N_.

Exercise 1.1.16 Let X,, =& +& +...+&,,n > 1, where the & are i.i.d. such
that P(&§; = 1) = P(§; = —1) = 1/2. Find the Doob decomposition of | X|.

1.2 Continuous-time models

We are going to consider now continuous-time models and even thought the
basic ideas are the same, the technical aspects are more delicate.

The main reason to consider such models is not necessary to fix the time
between trades, the models are more realistic and we can get close formulas
for pricing derivatives. It was Louis Bachelier in 1900 with his ”Théorie de
la spéculation” the first in considering the Brownian motion to describe stock
prices and in obtaining formulas to price options. However his work was not
understood at that time and consequently undervalued.

We start by giving some definitions and basic results to understand the
new framework. In particular we define the Brownian motion, which is the
basic ingredient of the Black-Scholes model. Later we introduce the concept
of continuous-time martingale and the differential calculus associated with the
Brownian motion, that is the It6 calculus, and finally we apply all these tools
to study the Black-Scholes model.

Definition 1.2.1 An stochastic process is a family of real random wvariables
(Xt)ter, define in a probability space (Q, F, P).

Remark 1.2.1 Usually, index t indicates time and it takes values between 0
and T'.

Remark 1.2.2 A stochastic process can be also seen as a random map: for all
w € Q we can associate the map from Ry to R: t — X (w) named trajectory
of the process. If the trajectories are continuous then the process is said to be
continuous.

Remark 1.2.3 Moreover a stochastic process can be also described as a map
from Ry x€ to R. We shall assume that in Ry xQ we have the o-field B(R;)@F
and that the map is measurable (measurable process). This condition is a bit
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stronger that the condition of being simply a process. Nevertheless if the process
has continuous trajectories on the left or right sides, then there is always a
measurable version, say Y. That is, there exists Y measurable such that P(X; =
Y:) =1, for all t.

Definition 1.2.2 Let (Q,F, P) a probability space, a filtration (Fi)i>o s an
increasing family of sub-o-fields of F. We say that (X;) is an adapted process
if for all t, Xy es Fi-measurable.

Remark 1.2.4 W shall work with filtrations satisfying the property
If Ae F y P(A) =0 then A € F; para todo t.

That is Fo contents all the P-null sets of F. The importance of this is that if
Xy =Y a.s. and X; is Fy-measurable then Y; is Fi-measurable. Then if a
process (X¢) is adapted and (Y) is a version of it then (Y:) is adapted.

Remark 1.2.5 We can built the filtration generated by a process (X;) and
write Fy = 0(Xs,0 < s < t). In general this filtration does not satisfy the
previous condition and we shall substitute for Fy by Fi =Fi VN where N is
the collection of null sets of F. We call it the natural filtration generated by

(Xt).

The Brownian motion describes the random movement that is possible to
observe in some microscopic particles in a fluid mean (for instance pollen in a
water drop). This name is due to the botanist Robert Brown who first observed
this phenomenon en 1828.

The zigzagging of these particles is due to the fact that they are buffeted
by the molecules of the fluid in an intense way depending of the temperature of
the fluid.

The mathematical description of this phenomenon was elaborated by Albert
Einstein in 1905. Lately around the twenties 20 Norbert Wiener gave a charac-
terization of the Brownian motion as an stochastic process and this is the reason
why Wiener process is also used to name the Brownian motion. We consider
the one-dimensional case.

Definition 1.2.3 We say that (X;)¢>0 is a process with independent increments
if for all0 <t <. <t,, X4y, Xp, — X4y, ..., Xp,, — Xy, , are independent.

Definition 1.2.4 A Brownian motion is a continuous process with independent
and stationary increments. That is:

P-c.s s — X (w) is continuous.
s<t, Xy — X is independent of Fs = 0(X,,0 <wu < s).
Sgt, Xt—XSNXt,S—Xo.

We deduce that the law of X; — X is Gaussian:
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Theorem 1.2.1 If (X;) is a Brownian motion then
X; — Xo ~ N(rt,0?t)

Proposition 1.2.1 If (X;) is a process with independent increments, continu-
ous and 0 = to, < t1y < oo < tpp < t is a sequence of partitions of [0,t] with
limy, 00 SUP [tin, — tiz1,n] = 0, then for alle >0

lim ZP{|Xtm ~ X4 .| >e}p=0.

n—oo

Proof. We have that for all e > 0

>e} =0,

i—1,n

lim P{sup|X;,, — X

but

n

{supmm Xl > } 1 [P, — Xu <)
=1

=1- H(l - P{|Xtin - Xtifl,n| > E})

i=1
>1—exp{—Y P{|Xs, — X, .| >c}} >0
i=1
u

Proposition 1.2.2 Let {Yi,,k = 1,...,n} be independent random variables
such that |Yin| < e, con e, | 0. Then if liminf Var(> ) _, Yin) >0

i Yin_ Ploim Yin) _, (0,1
Var(Q =1 Yin)
Proof. Write Xy, = Yk, — E(Yk,) and v2 = Var(3}_, Yin)

log E(exp{zt— Z Xin})

" k=1
Xin
= log H E(exp zt— Zlog (expit—"))
i=1 Un
_ QZk | B(XR W) 0 3Zk 1 (Xg’n)+
2 v2 3! v3
1 5
— t2 O n
50+ (vn)

since )
2571 Zk 1 (Xk:n)
v '

‘Zk L B
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Remark 1.2.6 Note that if lminf Var(} ,_, Yin) = 0 we will have that e

o Y — B30T Yin) L0 for certain subsequence.
Proof. (Theorem) Given the partition 0 = to, < t1, < ... <tpy < t define
Yok = (X, = Xew 1) 11X, X0y <0}

then, by a slight extension of the previous proposition (here & depends on n),

n

P(X; = Xo# Y Yur) <> P(Xy, — Xy, | >e0) "=70.
k=1 k=1

So 22:1 Yok L X; — Xo. On the other hand, by the second proposition, if
liminf Var(3"}7_, Yin) > 0,

22:1 Yin — E(ZZ:1 Ykn) =N
Var(3 ;1 Yin)

consequently X; — X has a normal law (or it is a constant). We have then
that the law of all increments are normal. If we take as definition of r, 02 that
X1 — Xo ~ N(r,0?), since increments are homogeneous and independent, and
from the continuity we obtain that X; — Xo ~ N(rt,o?t) :

(0,1)

p
X1 = Xo =Y (Xisp = Xiim1)/n)s

=1

then X;,, — Xo ~ N(r/p,0?/p). Analogously Xgp — Xo ~ N(qr/p, qo?/p).
Now we can approximate any real time ¢ by a rational one and to apply the
continuity of X. m

Definition 1.2.5 We say that a Brownian motion is standard if Xo =0 P a.s.
r =0 and 0? = 1. We shall always assume that it is standard.

In a discrete-time model, with a single risky stock S, the discounted value
of a self-financing portfolio ¢ is given by

Vi =Vo+ ) $;AS;,

j=1

the analogous in a continuous-time model will be

t
Vo + / $5dSs.
0

We will see that these differentials (or integrals ) will be well defined whenever
we have a definition of .
| o
0
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where (W) is a Brownian motion. In a first glance we can think in a definition
w to w (path-wise) but though Wy(w) is continuous in s, it is not a function
with bounded variation and we cannot associate a measure with the increments
of the path to build a Lebesgue-Stieltjes integral.

Proposition 1.2.3 The trajectories of a Brownian motion has not bounded
variation with probability one.

Proof. Given the partition 0 = tg, < t1, < ... <ty <t de [0,¢] con
lim,, o SUp |tin, — ti—1.n| = 0, we have:

n 2
A, = Z(th - Wtifl,n)Q L_) i
=1

In fact:
E((A, - t)2) = E(Ai — 2tA,, + t2)
= E(A2) —2t> +- 1%,
but
E(Ai) =FE Z Z(th - Wti—l,n)Q(Wtjn - Wtj—l,n)z
i=1 j=1
= E((th - Wti—lm,)4) +2 Z Z E((Wtin - Wti—l,n)z(Wtjn - Wt.y‘—l,n)z)
i=1 i=1 j<i
=3 Z(tzn —tiiin)? 42 Z Z(tzn —tic1,)((tjn — tj—1,m)
i=1 i=1 j<t
= f;2 + 2 Z(tln — tifl,n)2
i=1
SO .
E((An —1)%) =2 (tin — tim1,n)® < 2tSup [tin — ti1n| — 0.
i=1
Then

2tsup |tin — ti—
P{|An —t‘ > 6} S bup| mn 7 1,n|

?

2
€
and if the sequence of partitions is such that Y 7 sup |ti, — ti—1,n| < 00, by
applying the Borel-Cantelli Lemma, we have A, “3 .

n n
3 iz (Wei = Wi
W ) _ W ) > 1= in i—1,n
| tin tzfln| = sup, |IIrti,n —W,

=1 i—l,n‘

> JAVS c
sup; |Wy,, — Wi

L

ot
0

1‘71,n|
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Proposition 1.2.4 If (X;) is a Brownian motion and 0 < t; < ... <t, , then
(Xty, Xtyy -y Xt,,) 18 a Gaussian vector.

Proof. (X, X4,,..., X¢, ) is alinear transformation of (X;,, X¢, — X4, ..., Xp, —
X, ,) and this is a vector of independent normal random variables. ®

Proposition 1.2.5 If (X;) is a Brownian motion then Cov(X, Xs) = s A t.

Proof. Var(X;—X;) = Var(X:)+Var(Xs)—2Cov(X;, X;). That ist—s =
t+s—2Cov(Xt, X5). m

Definition 1.2.6 A continuous process (X:) is an (F¢)- Brownian motion if

o X; es Fy-measurable.

o X; — X, es independent of Fs, s <t.

o Xi— X5 ~Xis—Xo
Example 1.2.1 Let (X;) be Brownian motion. Fized T > 0, define F; =
o(Xs, T—t<s<T),0<t<T then

T x
}/t:XT—t_XT'i_/ st, 0<t<T
T—t $

is an(Fy)-Brownian motion.

Proof. It is obvious that Y is (F;)-adapted, continuous, Gaussian and that
Yy = 0. It has independent increments, in fact, let 0 <u <v <T

T—u
X

Yo -Yy=Xr o — Xp_u+ / —ds,
T—v s

then E(Y, —Y,) =0 and
T B (Xr—y — X7_4) Xy)

Var(Yv—Yu):v—u+2/ ds
T—v S
T—u T
+ 2/ ( 7E (X Xr) ds) dr
T—v T—v sT
T—u _ _
—u4? / T-v=s,
T S

T—u T _1
+ 2/ / —dsdr
T—v T—v T

T—u
T — o —
:v—u+2/ #ds

T—v S
T—u . _
492 / r—(T-v
T—v r

= v —U.
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Finally, Y, — Y, is independent of F,,. Since the random variables are Gaussian,
it is enough to see that E(Y, — Y,|F,) = 0, but

E(Y, — Yu|fu) =E(Y, - Yu|XT,u) =0,
since

T B(Xp_uXy)

S

du

E((vaYu)XT,u):Tffuf(Tfu)Jr/:h

=u—v+v—u=0.

1.2.1 Continuous-time Martingales

Definition 1.2.7 Let (M) be a family of adapted random variables to (Fi) with
moments of first order, then it is:

e a martingale if E(M|Fs) = My, for all s <t

o a submartingale if E(M|Fs) > M, for all s <t

e a supermartingale if E(M:|Fs) < My, for all s < t.

In the previous definition equalities and inequalities are almost surely.
Proposition 1.2.6 If (X;) is an (F;)-Brownian motion then:

e (X;) is an (F;)-martingale.

e (X}? —1t) is an (F;)-martingale.

o (exp(oX; — %zt)) is an (F3)-martingale.

Proof.

E(Xt|]:5) = E(Xt - XS + Xs|fs)
(Xt - Xs|fs) + Xs
(Xt - Xs) +Xs = Xsa

E
E

E(X? —t|F,) = B((X; — X5 + X,)?|Fs) —t
= B((X: — X3)2 4+ X2+ 2(X; — X,)|Fs) — t
=t—s+X2—t
= X2,
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o2 o2
E(exp(cX; — ?t)|.779) =exp(c X5 — ?t)E(exp(a(Xt — X)) Fs)

2
= exp(0 X, — %t)E(exp(a(Xt ~ X))
2 2

=exp(cXs — %t) exp(a

?(t —8)) (since Xy — Xy ~ N(0,t — s))

2
=exp(c X5 — %5)

Exercise 1.2.1 Prove that the following stochastic processes, defined from a a
Brownian motion B, are martingales, respect to Fy = 0(Bs,0 < s <t),
t
X, =t"B, — 2/ sByds
0
X = et’? cos B;
Xt = et/2 sin Bt
1
Xt = (Bt + t) exp(—Bt - §t>
X; = B} B?.

In the last case B} y B? are two independent Brownian motion and F; =
o(BL,B20<s<t).

Exercise 1.2.2 Let ¢ > 0 and let (By)i>0 be a Brownian motion. Prove that:

(1) (Bett — Be) t>0 is a Brownian motion.

(2) (cBye2) t>0 is a Brownian motion.
Exercise 1.2.3 Let (X;) be a Brownian motion, prove that

tXT*Xs
o T —s

is an (F)-Brownian motion between 0 and T with Fy = 0(X,,0 < s <t,Xrp).

Xy — ds, 0<t<T

1.2.2 Stochastic Integration

Let (W;) be a Brownian motion, and (7,) a sequence of partitions: 0 = tg, <
tin < oo < tpp =t, with d,, 1= lim,,—.o SUp |ty — ti—1,n| = 0, such that for all
0<s<t
. C.S.
nILH;O Z |th _Wti—l,n‘Q = S (13)

tin€Tn
tin<s

Let f a C? map in R. Then, fixed w,

f(Wtin)_f(Wtian) = f/(Wtz‘fl,n)(th_Wtifl,n)"i_*f (Wf;_
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where fi,l,n € (ti—1,n,tin). Since f” is uniformly continuous in a the compact
set (Ws(w))o<s<t, we have

n n

Z |f” (Wfi_l’n)_f”(Wtifl,n)‘(Wtin_Wtifl,n)2 < En Z(Wtin_Wtifl,n)2 - 07

; ; n—oo
i=1 i=1

For each n, pi,(A)(w) :== >0 | Wy, (w) = Wi, , (w)|*1a(ti—1,n) defines a mea-
sure in [0, ¢] that converges, by (1.3), to the Lebesgue measure in [0,¢] . So

n t
S Wi )W — Wi )2 = / £ (W) in(ds)
i=1 0

n—oo

[ £ (Wy)ds.
0
Therefore,
f(Wt) - f(O) = nh—>ngo Z(f(th) - f(Wti—l,n)) = nh—>H;o Z f/(Wtian)(th - Wti—l,n)
L[t
+ 5/0 f (WS)dS

Consequently
nlgrolo Z f/(Wtq‘,—lm,)(th - Wti—l,n)

t

is well defined since it coincides with f(W;) — f(0) — 3 [, £ (Wy)ds and then
we can define

t
|7 ovaw, = lim 3 W W, = W),

The drawback of this construction is that this integral depends on the sequences
of partitions. Nevertheless if we get that our Riemann sums converge in proba-
bility or L?) independently of the partitions we choose, the limit will be the same
by the uniqueness of the limit in probability. In this way we have established
that

! 1/t
| rwgaw. = sy - s - 5 [ owas
0 0
and this result modifies the chain rule of the classical analysis.
Example 1.2.2

¢ 1 1
/ W dW, = W2 — —t,
0 2 2
t

t

1t
/ exp{W}dW, = exp{W;} — 1 — 5/ exp{Ws}ds
0 0
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It is straightforward to see that we can extend the previous result to inte-
grands that are C12-functions f : [0,#] x R — R in such a way that

t t 1 t
F0W) = 10.0)+ [ fisWds+ [ 1 WaWe+ 5 [ s W
where

fils.) = Dp(a), ol ) = 2 f(ta),
2

0

Example 1.2.3 If we take f(t,x) = exp(ax — %a%ﬁ)7 a € R, we have
1 2t 1
exp(aW; — —a*t) =1 — a—/ exp(aW, — —a?s)ds
2 2 Jo 2
t

+ a/ exp(aWs — %a%s)dVVS
0

a? [* 1
+ —/ exp(aW, — =a?s)ds.
2 Jo 2

That 1is,
1, ¢ 1,
exp(aW; — 2@ t)y=1+a | explaW,— 5@ s)dWs.
0

Example 1.2.4 Suppose a financial market with a single risky stock, S; = Wy,
and a bank account with interest rate r = 0. Given a strategy ¢, = (99, ¢}) the
value of our portfolio at time t, is

Vi =) + i W,
If the strategy is self-financing we will have
av; = ¢Ldw,

Assume now that V, = V(t, Sy), then, by applying the previous stochastic calculus
AV, = AV (t,8,) = Vi(t, W,)dt + Vi (£, W,)dW, + %Vm(u W,)dt,
therefore
Vit We) + 5 Vi1, W2) = 0 (14)
Vo (t, W) = ¢; (1.5)

if we want to replicate H = F(Wr), we have to find a solution of (1.4) with the
boundary condition V(T,Wr) = F(Wr). The equation 1.5 solves the hedging
problem.
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The definite integral

We are going to build a stochastic integral in the sense of L? convergence.

Definition 1.2.8 (H;)o<i<7 s a simple process if it can be written

= Z ¢i1(ti—17ti] (t)
=1

where 0 =ty <t1 < ...<t, =T and ¢ is (ftifl)-measumble and bounded.

Definition 1.2.9 If (Hi)o<i<T s a simple process, we define
T n
/ H,dW, = Z ¢1(Wt1 - Wti—l)
0 i=1

Proposition 1.2.7 If (H;)o<i<r is a simple process E(f HdWy) fo
(isometry property)

Proof.

/ H dW Z¢z Wt1 Wtifl)ngj(wtj - Wti—l))
j=1
- E(Z (W, — Wi, ,)?)
=1

n—1
+2ZZE(¢¢( Wi VO EWy, — Wi, | Ft;_1))

i=1 j>i

Z 2.E Wt ti71)2“7_—ti71))

n t t
Z tH):E/ Hfds:/ E(H?)ds
i=1 0 0

Now we extend the class of simple integrands, S to the class H :
T
H = {(Hooceer, (Fi)-adaptado, [ B(H2)ds < o)
0

It can be seen that the class H with the scalar product ((Hz), (F})) = fOT E(HFs)ds
is a Hilbert space. Note that, by the previous proposition, we have defined a
linear map I : § — M = { square integrable Fr-measurable random variables},

I(H) = fOT Hy,dW,. In M we can also define a scalar product producto escalar
(M, L) := E(ML). We have then that I is an isometry.
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Proposition 1.2.8 The class S is dense in H (with respect to the norm
| H||? := [y E(H?)ds).

Definition 1.2.10 If H is a process of the class H, the integral is defined as
the L? limit

n—oo

/ H,dW, = lim H;LdWS, (1.6)

where HY is a sequence of simple processes such that

T
lim E(H! — H,)*ds = 0.

n—oo 0

The existence of the limit (1.6) is due to the fact that the sequence of random
variables fOT H™dW, is a Cauchy sequence and L?(Q) is complete, in fact due
to the isometry property

T
E(/ HMAW, — /Hde /EH” H™)2ds
0
<2/ E(H" — H,)%ds
+2/ E(H™ — H,)ds.
0

Analogously it can be seen that the limit does not depend on the sequence H™.
It is easy to show that for all H in the class H

e The isometry property is satisfied,

T T
E(/ HSdWS)Q:/ E(H?)ds,
0 0

e The integral has zero expectation,

B[ " aw,) -

e The integral is linear,
T T T
/ (aHs + bFy)dW, = a/ H,dW, + b/ FodWy
0 0 0

The indefinite integral

If H is in the class H then H1[y it is as well and we can define

t T
/HSdWs ::/ H1g 4 (s)dW.
0 0
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we have then the process

t
{I(H)t = / HydW,,0< t < T}
0
Proposition 1.2.9 I(H) is an (F;)-martingale.

Proof. The result is obvious if H i simple: then fg H,dW, is F;-measurable
and with finite expectation, then it is sufficient to see that Vt > s

t s
E (/ H,dwW, .7-'s> :/ H,dw,.
0 0

We can asume that s and ¢ are some of the points in the partition 0 = ty <
t1 < .. <t, =T .So it is enough to see that (M,) := (fot" Huqu) is a
(G, )-martingale with G, = F;,. But (M,,) is the martingale transform of the
(G, )-martingale (W; ) by the process (G, )-predictable (¢,) and consequently
it is a martingale.

If H is not a simple process the integral is an L? limit of martingales but
this preserves the martingale property. m

Remark 1.2.7 If can be shown, by using the Doob inequality for continuous
martingales:
E( sup M}) < 4E(Mj)
0<t<T

that we have a continuous version of I1(H).
Remark 1.2.8 We shall denote Vt > s, fst H,dW, = fot H,dW, — fos H,dW,.
To do a further extension of the integral the following results are convenient

Proposition 1.2.10 Let A F;-measurable, then for all H € H

T T
/ LA H 1 (s dW, :1A/ H,dW,
0 t

Proof. If H" is an approximate sequence of H then 14H"1;.- approx-
imates 14H1.~;; and since the result is true for simple processes then the
proposition follows. m

Definition 1.2.11 A stopping time with respect to a filtration (F;) is a random
variable
7: 0 — [0, 00]

such that for allt >0, {T <t} € F.

Proposition 1.2.11 Let 7 be an (F;)-topping time then

TAT T
/ H,dW, = / 1(acry HodW,
0 0
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Proof. If 7 is of the form 7 = """ | t;14, where 0 <t; <ty <..<t, =T
y A, Fi,-measurable and disjoints, then it is straightforward:

T
/ 1{S>T}HSdWS:/ Zl{s>t}1AHdW 21,4/ H,dW,
0 0

- / HLAW,,
TAT
Moreover fOTAT HdW, = fOT H,dW, — fT/\T H,dW,. In general, it is enough to
approximate 7 by 7, = kl_ol (k;)Tl{l <lnTy and to see that fo Lis<r, y HsdW, N
27

Jo Lsry HodW, :

T
=F (/ 1{T<s<7'n}H52dS> ’
0

and the we apply the dominated convergence theorem. Finally we take a sub-

T T
/ l{ngﬂ'}HdeS — / 1{s§r}Hdes
0 0

sequence of fOT 1{s<r, 1 HsdWs converging almost surely. m

Extension of the integral

We are going to do a further extension of the integrands, consider the class
~ T
H = {(H)o<i<T, (Ft)-adapted, / H2ds < 0o P-c.s.}.

Given H € H sea Tn inf{t < T, fo >ds > n} (400 if the previous set

is empty). That fo 2ds is Fi- measurable can be deduced from the fact that
it is an a.s. limit of .7-} measurable random variables, from here 7, is a stopping
time. Set A,, = {fo ?ds < n} we can define

t
j(H)? = (/ 1{S<T7L}Hdes> 1,4,, paratodon >1
0

Note that this is consistently defined: if m > n and w € A,, then
J(H){"(w) = J(H)} (),
in fact:

tATR (W)
J(H) (@) = / Loer, ) HodWW,

but
tAT, t
/ l{ngm}HstVs:/ 1{s§'rn}1{s§7'm}Hsd‘/Vs
0 0

t
= / 1{5§Tn}Hdesa
0
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in such a way that

tATH (W) B
[ L tiaw, = J )
0

Now we can define

n—oo n—oo

t t
J(H)t = lim ((/ 1{s§7-n}Hdes> 1An> = lim 1{S§Tn}HdeS.
0 0

Note that if H € H

t tATh

J(H); = lim [ 1<, HdW, = lim Hy,dW,
0

n—oo n—oo [q

t
- / H.AW, = J(H),,

0
so it is really an extension of the integral.

Exercise 1.2.4 Prove that the previous extension of the integral does not de-
pend on the sequence of localizing stopping times of (Hg). In other words, that
if we take 7,, T co and (1{.<;71}H.) is in H) then the limit is the same.

It can be shown that the previous extension is a limit in probability of
integrals fo simple processes H™ which converge to H in the sense that

t
P(/ |H" — Hy|[*ds > &) — 0.
0

Note that by construction the extension of the integral is a a.s. limit of another
limit in quadratic norm.

We lose then the martingale property. In general we have that if (7,,) is a
localizing sequence

-~ tATm

J(H)t/\‘rm = hl'Il 1{s§7~'n}Hdes

n—oo 0

n—oo

= lim 1{5§7-n/\77n}H5dW5
0

= lim | g, H,dW,
0

n—oo

= / 1{s§‘r,,n}Hdes
0

in such a way that J(H);rr, is a martingale. Then it is said that J(H) is a
local martingale(when we stop it by 7,,, it is a martingale, in ¢, and 7,,, T 00).
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1.2.3 1Ito’s Calculus

We are going to develop a differential calculus based in the previous integral.
We have seen that

| rwgaw. = s - o) = 5 [ 5 ov)as
0 0
for f € C2, or in differential form
Af (W) = (W)W, + %f”(Wt)dt (1.7)

Then we want to extend this result.

Definition 1.2.12 A process (X;)y<,<p 5 said to be an Ité process if it can be
written as T

Xy :Xo—|—/tI(SdS—F/tlT{sdI/V‘g
where 0 i
e X is Fo-measurable.
o (K;) and (H;) are (F;)-adapted.
o fOT(|KS\ + |Hs]?)ds < 0o P-a.s..

Proposition 1.2.12 If (M:)o<,<p is a continuous (Fi)-martingale such that
M, = fot Kds, where (K) is an (F;)-adapted process with fOT |K|ds < oo
P-a.s., then

My =0, as forallt <T

Proof. Without loss of generality we can assume that M; = f(f |Ks|ds <
n < co. Otherwise we can define the stopping time

t
= inf{t,/ [Ko|ds > n} AT,
0

and the martingale (M;x,) would be bounded by n. This would make Mya,,, =0
and we can let n go to infinity to conclude that M; = 0.
Let (M¢)g<;<7 be a continuous (F;)-martingale bounded by C, then if we

take t?:T%,OSiSn, then

n n
2
Z(Mtr — Mt?—l) S sup Mt:w — Mt;’;l Z ‘Mt:’ — Mtzw;l
i 1<i<n -
i=1 1=1
npt
< sup |[Myn — Mg Z/ | K |ds
1<i<n =1 7ty
<C sup |My — My» |

1<i<n



1.2. CONTINUOUS-TIME MODELS 45

and (M;),<,<p is continuous, so

n
Jim 3 (g M 2 =0, ns

=1
Moreover Y1 | (M —M;n )* < C? | so by the dominated convergence theorem

n

Jim By (M = My ,)?) = 0.

i=1

On the other hand, since (M;),.,~, is a martingale and simultaneously

n n
E(Z(Mt? — Mt?,l)Z) =F (Z(Mf? +M152§’;1 — 2Mt?Mt?1)>
=1 =1
=k (Z (M2 4+ M2, — 2y By ft;:ﬂ))
=1
-y (Z (Mf + MR - 2M,3?,1>>
=1
_ 2 2
= (Z (Mt? - Mt?_1)>
i=1
= B(M7 — Mg)

and that consequently that My = 0 a.s., and so M; = E(Mr|F;) = 0 a.s, for
allt<T. m

Corollary 1.2.1 The expression of an Ité process is unique.

Theorem 1.2.2 Let (X¢)g<;<q be an It6 process and f(t,x) € C12 then:

t t 1 t
X¢) = X Xs)d 2 (8, Xs)d X+ 2z (8, Xs)d(X, X)s,
£ = 10,501+ [l Xast [ fole X00Xt5 [ fruls, X0A0X )
where
/ (s, X)X, — / (s X o) Kods + / (s, X o) HLAW,
0 0 0
<X,X>S:/ HZds.
0

Example 1.2.5 Suppose we want to find a solution (St)ogth for the equation

t
St:aro—l—/ Ss(pds + odWy)
0
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or in differential form
dSt = St(/,édt + O'th), SO = Xo.

By the previous theorem

s
L = pdt + odW, = d(log S;) +

2Q2
Spdt
St t ’

1
2527
that is 1

d(log S;) = (u — 502)dt + odW,
i such a way that

1
Sy = Soexp{(u — 502)t + oW, }

Proposition 1.2.13 (Integration by parts formula) Let X; and Y; two Ité pro-
cesses, X; = Xo + [ Kods+ [y HidW, e Yy = Yo + [y Kids+ [} H.dW,. Then

t t
XY, = XoYp + / X,dY, + / YidX, + (X, Y
0 0

where

t
(X, Y): = / H H!ds.
0
Proof. By the It6 formula
t 1t
(X, 4+ V)% = (Xo + Yo)* + 2/ (Xs+ Ys)d(Xs +Ys) + 3 / 2(H, + H})?ds
0 0

and . .
1
X2=X2+ 2/ X dX, + 5/ 2H?ds,
0 0

t t
1
V2 =YZ + 2/ Y,dY, + 5/ 2H?ds
0 0

so, by subtracting the sum of these latter expressions from the first one we
obtain:

t t t
2X,Y; = 2X, Yo +2/ X,dY, +2/ Y,dX, +/ 2H,H'ds.
0 0 0

]
Consider the differential equation

dXt = —CXtdt + O'th, XO =T
then if we apply the previous formula to

Xt€Ct
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we have

d (XteCt) = edX; + e X efldt

and therefore
e~ “d (XteCt) = odW;

in such a way that

t
X, =axe 4+ Ue_Ct/ e dWs.
0

A new integration by parts lead us to

t
X =ze " + oe (e W, — / ce®Weds).
0

C

So, it is a Gaussian process with expectation ze~“' and variance

¢
Var(X;) = 02672“/ e?esds
0

—2ct
sl —e
2c

Exercise 1.2.5 Solve the stochastic differential equation
dX; = tX,dt + et /2dB,, X = o,

where (By),~, s a Brownian motion.

1.2.4 The Girsanov theorem

Lemma 1.2.1 Let (Q, F, P) be a probability space with a filtration (F;)gcpcq » Fr =
F. Let Zy > 0 such that E(Zy) = 1 and Z; == E(Zr|F),0 <t < T. Then

if we define P(A) :== E(1,Z7),YA € F, and Y is an Fy-measurable such that
E(|Y]) < oo then, for all s < t,

B(Y|F.) = 5 E(YZ|F.). (1.8)

S

Proof. Take A € F, then

E(1,Y) = E(14Y Zy) = EQAE(Y Z|F,))

|
= E(la;E(YZ,|F.).
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Theorem 1.2.3 (Girsanov) Consider a probability space as before and (0;)y<,<r

an adapted process such thate fOT 0?dt < oo a.s. where

t 1 t
Zy = exp{/ 0,dW, — 7/ 62ds},
0 2 Jo

is assumed to be a martingale and W is an (F)-Brownian motion. Then under
the probability P(-) = E(1.Zp), X, = W, — f(f 0sds,0 < t < T, is an (Fy)-

Brownian motion.

Proof. (X;),<;<r is adapted and continuous. We can see that the incre-
ments are independent and homogeneous.

E(exp{iu(Xt — X )HFs)
1
" Z,

t t

E(exp{iu(X; — Xs)} Z¢| Fs)

But, if we write

Ny := exp{iuX;}
and we apply the Ito formula to

t 1 [t
ZyNy = exp{/ (Zu + QS)dWS — 5/ (QZUGS + Gf)ds}
0 0
we obtain

Zy Ny

t t
=1 —|—/ ZyN, ((zu +05)dW, — %(2iu95 + 9§)d5> + %/ Z N (iu + QS)QdS
0 0
t W2 [t
=1 +/ ZsNg(iu + 05)dW, — 7/ ZsNgds.
0 0

Then (by localizing with 7,, = inf{t < T, fot [(ZsNs(iu + 05))|>ds > n})

7).

U2 tATh
E(Zups, Noneo |Fs) = Zunos Noprs — "2 B ( / Z,N,dv
That is
- U2 - tATn
E(Nt/\‘rnlfs) = NS/\Tn - —F </ Nvd’l]

2 NTn
Fs |,
2 NTn )

taking now the limit when n — oo and by the dominated convergence and
Fubini theorems, we obtain

- N,

u? ' - N,
E(—|Fs)=1—— E(—|Fs)dwv.
(P =1-5 [ BGHE
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This gives an equation for g4(t) :

i
js2
2=
J
B
\'UJ
s}
o
=
[
=
Q
-+

De manera que
2

9:(t) = exp{ = (t = )}

that is
2

Eexplin(X: = X,)}|F,) = exp{~ 5 (t = 5), )
so the increments are independent and homogeneous with law N(0,¢t —s). m
Exercise 1.2.6 Consider the process (St)o<t<T
dS; = S (pdt + 0dBy), 0 <t <T,

(Bt)g<i<r @ standard Brownina motion. Using Girsanov’s theorem compute a

probability Q under which Sy := S;e™", 0 < t < T is a martingale.

1.2.5 The Black-Scholes model

The Samuelson model, more known as the Black-Scholes model, consist in a
model of financial market with two stocks. One without risk, S°, (or bank
account) that evolves as:

ds? =rSPdt, t>0
where 7 is a non-negative constant, that is
Sto =et, t>0
and a risky stock S that evolves as
dS; = S; (udt + odB;) t>0

where(B;) is a Brownian motion. As we haven seen this implies that

2
Sy = Spexp{ut — %t + oB:}.

Then log(S;) is a Brownian motion, no necessarily standard, and by the prop-
erties of the Brownian motion we have that S; :

e has continuous trajectories
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e the relative increments % are independent of 0(Ss,0 < s < u):
St —Su S 1
S, Sy
and

0.2

2t explult —u) — % () + (B, — B)

u
that is independent of o(B;s,0 < s <u) = (5,0 < s < wu).
e the relative increments are homogeneous:

St - Su St—u - SO
Su So '

In fact we could formulate the model in terms of these three hypothesis.

Self-financing strategies

A strategy is a process ¢ = (¢t)cicr = ((H?’Ht))0<t<T with values in R?
adapted to the natural filtration generated by the Brownian motion, (B:), (that
coincides with that generated by (S;)), the value of the portfolio is

Vi(¢) = Hy'S + HyS;.
In the discrete-time setting, we said that the portfolio was self-financing if
Vir1(0) = Val(9) = 60 11(Spi1 — Sn) + Gt (Sntr — Sa),
the corresponding version in the continuous case will be:
dV, = HPdS} + H,dS;.

To give sense to this equality we put the condition: fOT (|HO| + H2)ds < oo P
c.s., then the integrals (differencials) are well defined:

T T
/ HOAS? = / HYrertdt
0 0

T T T
/ thSt = / HtStht+ / O'HtStdBt.
0 0 0

We have then then the following definition

Definition 1.2.13 A self-financing strategy ¢, is a pair of adapted processes

(Hto)ogth , (Ht)ogth that satisfy

. fOT (|HO| + H2)ds < oo P a.s.

o HYSY + HyS, = HYSY + HoySo + [y Horesds + [7 HydS;, 0<t<T.
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Denote S't = ¢~ "9, in such a way that we use the tilde as in the discrete-
time setting: to indicate any discounted value.

Proposition 1.2.14 ¢ is self-financing strategy if and only if:
t
Tié) = Vo() + [ H.d,
0

Proof. Suppose that ¢ is self-financing, then since V, = e "V, we will have
that

dV; = —re "V, dt + e THAV,
= —T@irt(H?S? + HtSt)dt
+ e "(HYdSY + H(dS;)
= —re "Y(HPSY + H,S;)dt
+ e_” (HtOTS?dt + thSt)
= *T’BirthStdt + GirthdSt
= Ht(—re_TtStdt + G_TtdSt)
= H,dS,.
Analogously if 5 3
dV, = HydS;

we have that
dV, = HPdS} + H,dS;.

Pricing and hedging contingent claims in the Black-Scholes model

We have to find a probability under which discounted prices are martingale. We
know that

dS; =d (e7"S;) = —re " Sydt + e~ "'dS,
=e "8, (—rdt + pdt + odBy)

= O'Std (—r_ut+Bt>

g
= O'Stth (19)

with
r—p

W, =B, — t.

Then by the Girsanov theorem with 6, = “=£ it turns out that (Wy) ., is
a Brownian motion with respect to the probability P* T

2
— 1 —
dpP* = eXp{%BT -5 <T ~ “) T}dP. (1.10)
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From (1.9) we deduce that
~ 1
S, =S eXp{—§0‘2t + oW}

and that (5}) is a P*-martingale. We also have that
0<t<T

1
Sy = So exp{rt — 5021‘ + oW}

Definition 1.2.14 A strategy ¢ is admissible if it is self-financing and its dis-
counted value V; = HY + HyS; > 0, Vt.

Definition 1.2.15 We say that an option is replicable if its payoff is equal to
the final value of an admissible strategy.

Proposition 1.2.15 In the Black-Scholes model any option with payoff (non
negative) of the form h = f(St), square integrable with respect to P*, with
Eps(h|F;) a CY2 function of the time and of Sy, is replicable, its value is given
by C(t,Sy) = Ep+ (e "T=Yh|F,) and the strategy that replicates h is given by
(H?, Hy) con

_ ac(tv St)
Hi = a8,

HtOert = C(t, St) — HtSt

Proof. First of all, by the independence of the relative increments

S
Ep«(e """V f(S7)|F) = Ep- (G_T(T_t)f(‘ST Se)|Ft)
t

= C(t, St),

so what we shall call price of the contingent claim at ¢ depends only on S; and
t.
If we apply now the Itd formula to C(t, S;) = e "*C(t, Spe™), we have

C(t,Sy)

L aC (s, Ss) taC(s,Ss) .5 1 [192°C(s,5,) ., =~ =
= C(0,S, +/ —1=%d —|—/ 7~’Sd55+7/ ——2d(S, ),
e A T AR 2 )y o5z W59

S

and since ~ ~
dSt = O'Stth

we obtain

C(t,Sy)

t ~ o N t ~ & 1 2 & ~
=C(0,So>+/ %a&dwfi—/ (ac(t,st)+a 0(5,500252) N
0 0

Os 2 982 s

S



1.2. CONTINUOUS-TIME MODELS 53
but C(t, S't) is a square integrable martingale:
C(t,S) = C(t,Sy) = Ep-(e " T f(S7)|F)
and therefore, since the decomposition of an Itd process is unique we have:
PR
- t -
C(t,S;) = C(0,8) +/ oct, St)dSS
0 858
9C(t, 5;) " }820(} gt)UQS’f —o.
Js 2 982
Now since
aC(t,S,)  _,,00(s,8,) DS,
= =e =
0S5, 9Ss 08,
_0C(s,Ss)
08,
and
9*C(t,Sy)  0%C(s,Ss) 0Ss
952 952 9S,
_ ot 92C (s, Ss)
a8z 7’
we can write .
C(t, Sy) = C(0,Sy) +/ Mdés (1.11)
0 0S5,
0C(s, Sy) 9C(s,8s) 1 4 ,0%°C(t,Ss)
— —_— = . 1.12
55 + 7S, 05, + 57 S 252 rC(s,Ss) (1.12)

From (1.11) we have a self-financing strategy whose final value is f(S7) and

such that (H?, Ht) are given by

aC(t, Sy)
H=———=
i a8,
and aC(t, S,)
e"HY = C(t, S,) — aét LS.
|

Pricing and hedging of a call option. The Black-Scholes tormula.
If we take h = (Sp — K)4, we have

C(t,8) = S ®(dy) — Ke " T=9®(d_) ( Black-Scholes’ formula)
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where ®(x) is the standard normal distribution function

g log(5) + (r £ $02)(T — t)
= o /(T —1)

In fact

C(t,Sy)
= Ep-(e """ (Sp — K){|F)

= eir(Tit)Ep* (ST]-{ST>K} |-7:t) — KeiT(Tit)Ep* (1{ST>K} |ft)
S

T (T
5, Lise s ay)e=s, — Ke (T t)EP*(l{%T>§})r:SH

_ efr(T*t)StEP*( < 1
t

but
St 1,
5, = exp{(r — P T —t)+o(Wp—W)}
e 1
Ty exp{(r — 502)(T —t)+oWr_4}
then
S K
Ep-(ysr i) = P (5> )

=

Wr_y - log & — (r — 3o2)(T —t)
V(T 1) o/(T —1t)
_ log £ + (r — $0%)(T — t)
()
= ®(d_) (after substituting fora by S;)

S’
= P*(log i > log

= P*(

)
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On the other hand, if we write Y to indicate a standard normal random variable

o (T— St

o (T— 1
= e "T"DEp. (exp{(r — 502)(T — )+ oWr_ i}l ow,,slog £ —(r— 102y (T—1)})
1
= Ep- (eXP{—§U2(T =)+ oWr—i} L ow,  Slog £ —(r—102)(T—)})

1
= Ep=« (exp{—gag(T —t) — o /(T - t)Y}l{Y<log £ 4(r=Lo2)(T—1) )

/(T 1) ¥
. log £ 4+(r—1o%)(T-¢) 1 ]
_ T eV/TD 1, B 1,
) log £ +(r—302)(T—1) 1
e (T—1)
= —= T—t d
T ] exp{—3(oV/(T — 1) +1)*}dy
log & +(r+102)(T—1)
1 D 1 2
- ) Pyt
= ®(dy) (after substituting for « by S)
From here
oC(t,Sy) o
95, D(dy) = A.
In fact:
oC(t, Sy) 0d(dy) 7y OP(d2)
) — &(d _ K r(T—t)
05, T ‘ 25,
1 4% dd
= ®(d S;————e 2 ——
(dy) + t\/(27r)e a5,
1 42 Od_
CKeTT=t)__— w5 =
¢ Jen S as,
But
od+ _ 1
Sy Sio /(T —t)’
therefore
oC(t, St) 1 0dy _a e (T—t) 2
y — ®(d =t (s > _ K r(T—t) 5
o5, () + Jam as, \ e ¢ ¢
1 9ddy 4 K o
= d(d —  —tGe 7 ([1——e T ez 7 ).
)+ 750 a8, < 5, ¢

Moreover
dy =d_ +o/(T —1t)
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SO

2 —d® =(d_+o/(T 1) - d*

=2d_o/(T —t)+o*(T — 1)

:2log%—|—2r(T—t)

and therefore s s
1-— 5e_r(T_t) F-F = 0.

t

(&

Exercise 1.2.7 In the Black-Scholes model compute the price and the self-
financing hedging portfolios of contingent claims with payoffs:

(1) X = 572“’
(2) X =87p/S7,,, 0 <Tp <T.

Analysis of sensitivity. The Greeks.

One of the most important things besides pricing and hedging is the calculation
of sensitivities of the prices. These sensitivities are given Greek letters and this
is why they are called Greeks. Let C(t,S;) the value of a portfolio based in a
risky asset (S;) (and bonds). By practical reasons is often very important to
have an idea of the sensitivity of C' with respect to changes in the value of S;
(to measure the risk of our portfolio for instance) and with respect to changes
in the parameters of the model (to measure a bad specification of the model).
The standard notation is:

N
.F:ng?
op:%—(rj

o@:%
QV:‘?)—S

All these indexes of sensitivity are known as the Greeks. These include V
that is pronounced Vega and that is not a Greek letter (k was previously used).
A portfolio that is not sensitive to small changes with respect to some parameter
is said to be neutral: : delta neutral, gamma neutral,..

Proposition 1.2.16 In the Black-Scholes model the portfolio that replicates a
call with strike K and maturity time T has the following Greeks:

[ ] A:(D(d+)>0
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o ' = % > 0 (where ¢ is the density of a standard normal random

variable)
e p=K(T—t)e " T=Dd(dy) >0
o O =gt md(dy) — Kre " D(d_) <0
o V= Sib(d )T~ 1) >0
Exercise 1.2.8 Prove that © = —%(ﬁ(dg — Kre " T=0(d_).

Remark 1.2.9 Note that equation (1.12), can be written

1
O+ rS:A+ 50283I‘ =rC(s,Ss).

Exotic Options

Not all the options have a payoff h = f(Sr). For instance we have the Asian

options whose payoff is
1 /7
h=1= / Sydu — K
T Jo
+

the lookback options,

("lookback call”) h = St — S,, whereS, = min S;
0<t<T

("lookback put”) h = S* — S, whereS™ = oglﬁgXT Sy,

or the barrier options

("down-and-out-call”) h = (St — K)1 145, >k}

("down-and-in-call”) h = (S7 — K)4 115, <k}

For all these options we need a more general theorem of replication in the Black-
Scholes model.

Theorem 1.2.4 In the Black-Scholes model any option with payoff h > 0, Frp-
measurable and square integrable under P* is replicable and its value is given
by

Cy = Ep-(e"T=Yn|F)
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Proof. Under P*
M; := Ep-(e7"Th|F),0<t<T
is a square integrable martingale, then by the representation theorem of Brow-

nian martingales there exists a unique adapted process (Y;) such that

t
M; = My +/ Y, dW,
0
with
T
Ep*(/ Y2ds) < oo,
0

then we can define H; by
Y;

- O'St

H;
and we have that .
M, = M, +/ H,dS,

0

that is .
Cy = Cy +/ H,dS,.

0

Therefore the strategy (H?7Ht) with HY = C; — H.S; is self-financing and
replicates h. To see that it is admissible it is enough to take into account that
since h>0,C; >0. m

Example 1.2.6 (Asian options) Consider an Asian option with payoff

1 T
h= ?/O Spdu—K | |

+
by the previous theorem C; = Ep+(e~" T~ h|F;). Define

plt.a) = Brel(g [ Grdu=o).).

Then
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1
% Is easy to see that

dzt<w2mzt;>dtaadw;

In fact, applying the integration by parts formula and the Ité formula:

=0(5) 7t ([ 50e) 0 (5) 7 [ s

where Z; =

K K Sy L[S, du L[S, du
= 52 —dS; + 53 d(S¢) TS, dt + 3 ds; 5 d(S;),
but since d.Sy = rS;dt + 0 S;dW;, we have that
K K ft Sydu & ft S,du 1
dz o il T Jo _TJo 2 - dt
t ( Str + Sta +r S, S, o T
K % fo Sydu
- =2 o |d
—+ ( StO' + St g Wt

— ((02 —1r)Z — ) dt — o Z, dW;.

Then, we know that Cy = e_T(T_t)S’tgo(uZt),t < T is a martingale. So if we

assume that p(t,z) € CH2? we will have that

1 2
0% 27244

do = a4+ 224z, ¢

ot 0Z; 28Zt2
Oy dp 2 1 10 P 2,2
-+ — —r)Z, — 50" Z;
<at*‘azt<” NZi— T )Y 5az0 4 ) A
de

— aiztO'thWt

On the other hand
dC, = re*T(T*t)S’gpdt + e*T(T*t)godS’t + e’T(Tft)S'tdga
+ B_T(T_t)dGa ©)
=re TG 0dt + e 7T pdS, + e TS, dp
it 09 s
— € (T t)aigO'QSttht

t

8 ~
= e_T(T_t) (SD Zt 6Zt> dSt

—r(T—t) & e " 8
re (T t)StQDdt (-1 2 aZt 2Sttht
1 182@222

_ dp Oy
r(T—t) i 2 _ J—
+e )8, <8t +8Zt ((O’ )7y T>+28ZQ t)d



60 CHAPTER 1. FINANCIAL DERIVATIVES

by identifying the martingale parts

- o ) -
A6, = (@1 ((p - Zt82> s,

dp Oy 1 102%p 29
929 (g, - V422 % 5222 .
YT % T oz, (T t+T)+28Zt20 ¢=0

Therefore the hedging strategy is given by (HtO,Ht) with HY = Cy — H.S; and

where ¢ is the solution of the partial differential equation

Op 0Oy 1\ 1% 5 5 _
o+ % D2 <Tx+ T> + 55,20 © =0 (1.13)

with the boundary condition o(T,x) = x_ (negative part of x). These equation
can be solved numerically.

Exercise 1.2.9 Demostrar que el precio de una optionasiatica con strike flotante

(payoﬁ:(% fOT Sudu — ST> ) viene dado en el instante inicial por
+

C =e " Syp(0,0)

wherep es solucidn de la ecuacion (1.13) con la condicion de contorno o(T,x) =
(1+2)-

Lemma 1.2.2 Consider stepwise functions
n
F@&) = Nl (1)
i=1

with A\; € R and 0 <ty < t1... < t, <T. Denote by J that set of functions. Set
&l = exp{[) f(s)dBs — L [] f(s)ds}, f € T . IfY € L*(Fr, P) is orthogonal
toé’%jejthenY:O.

Proof. Consider Y > 0 € L?(Fr, P) orthogonal to 57{. Let G, = o
(Bt13Bt27 a3 Btn)a we have

E(GXP{Z AZ(Btz - Bti—l)}y) =0,

and

E(exsp{Y" AlBr, = B )}E(Y16,)) = 0.
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Let X be the map
X:Q—-R"
wr— X(w) = (B, (w), B, (w) = By, (w), -, By, (w) = By, _, (w))
then
/ exp{z N YE(Y|Go) (21, 2, ooy 2 )AP™ (21, T2, ..y ) = 0,
" i=1

in such a way that the Laplace transform of E(Y|G,)(z1, 2, ..., 2, )dPX is zero
and therefore E(Y|G,)(x1,2,...,2,) is identically null PX a.s.. From here
E(Y|G,) =0 P a.s., and finally since this is true for any G, of the previous type
it turns out that Y is zero P a.s.. Finally for a general Y we can decompose
Y =Y, —Y_ and we would arrive to the conclusion that Y, = Y_ P a.s. by
the uniqueness of the Laplace transform of a measure. m

Proposition 1.2.17 For all random variable F € L*(Fr, P) there exists and
adapted process (Yy)g<p<r » with E(fOT Y2dt) < oo, such that

T
F = E(F) +/ Y,dB;
0

Proof. Suppose that F'— E(F) is orthogonal to fOT YidBy for all (Y3)ocpcrs

with E(fOT Y2dt) < oo, then if we prove that F — E(F) =0 P a.s. then we have
finished, since the Hilbert space of centered random variables of L?(Fr, P) will

coincide with the Hilbert space of random variables fOT Y;dB; with E( fOT Y2dt) <
oo. Write Z = F' — E(F'), we have

T
E(F - B(P) [ YidB) =0,
0
Take Y; = &/ f(t), with the & define previously, then

T
E(F - E(F)) / &/ f(t)dB,) = 0

and also that T
E(F - B(F)(1+ / &/ F(t)dBy)) = 0

but, by the It6 formula

T
&l =1+/ &l (t)as,.
0

So
E((F - E(F)&L) =0

and by the previous lemma F — E(F) =0 P as.. m
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Theorem 1.2.5 Any square integrable martingale (My)o<i<T can be written as
t
M=yt [ YidBo<e<T
0

whereYs is an adapted process with E(fOT Y2dt) < oo

Proof. We can write
My = E(Mr|F)

and by the previous proposition
T
My = E(Mry) +/ Y,dB;,
0
then it is enough to take conditional expectations. m

1.2.6 Multidimensional Black-Scholes model with contin-
uous dividends

The model of the financial market consists in (d + 1) stocks S?, S, ..., S¢ in
such a way that
dS) = SPr(t)dt, S§ = 1,

and
d

dS] = Sj(u'(t)dt + oV ()dWY),i=1,....d
j=1
where W = (W1, ...,W9) is a d-dimensional Brownian motion. By simplicity
we assume that p, o and r are deterministic and cadlag. We shall consider the
natural filtration associated with W.
An investment strategy will be an adapted process ¢ = ((¢?, é1, ..., 3))o<t<T
in R4t1. The value of the portfolio at time ¢ is given by the scalar product

Vi(¢) = s - Sy = qutsz,

and its discounted value is

Vi(¢) = e Jo 0V, (¢) = ¢ - S

We assume that the stocks can produce dividends in a continuous and deter-
ministic way: ((67, ...,0%))o<t<7. Then if the strategy is self-financing

avi(¢ Z PLdS! + Z PLSIsNdL.

=0
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Now we look for a probability under which the discounted values of the self-
financing portfolios are martingales. We know that

4V, = d (e S BVi(9)) = —rie STVt + e i ey

d d
= e Joredsydp 4 e Joreds (Z #dS; +3° ¢iSf5idt>
=0 i=1
+ t d . . . . .
= e Jore oy, (00 S) — Vi)dt + e~ Jo 1N " (91d S + ¢}5;0}dt)

=1

d d
= el AN gl SH (6] — ry)dt + e Jo e N gldsy

=1

d d d
= e o ds | N7 GISHE; 4+ pi —r)dt + > ¢iSEY 0 (t)AW

i=1 i=1 =1

— e Joreds Z K Za” (dWJ + Z £)(6F + pf — )dt)

— o Joreds Z o Z o' (t)dWy
i= j=1

with
AW/ = dW’+Z N OF + pf —r)dtj=1,...,d

Then by the Girsanov theorem with 6,(t) = (0’1)jk (t)(ry — 0F — uF) it turns

out that (Wt) e is a d-dimensional Brownian motion with respect to the
0<t<T

probability P*:

T T
dP* = TI"_, exp{— /0 (07 — - /O 62(t)dt}dP.

Then ~ ~
Ep-(Vp|F) = V4,

and any replicable payoff X will have a price at ¢ given by
V, = elomeds g (X 7).

On the other hand if X is square integrable the representation theorem of Brow-
nian martingales allows us to write

d t
Epe (X|F) = Ep(X) + Y / SR\
— Jo
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in such a way that we can take

d
Z hf,z‘: 1,...d.

ﬁs

Remark 1.2.10 We have assume that (azj) is invertible and from here we
conclude that the model is free of arbitrage and complete. For the lack of ar-
bitrage it is sufficient to have 0(t) such that ZZ:1 oIk ()0k(t) = &) + i — 14
But for completeness we need that (0?) is invertible. In this way we can have

viable models where the dimension of W is greater than the number of stocks
but then they are no complete.

Remark 1.2.11 Note that a portfolio with a constant number of assets is NOT
a self-financing portfolio, except for the trivial case where you have only riskless
assets. This is due to the fact that risky assets generate dividends and then your
bank account change if you mantain the number of risky assets in your portfolio.

Price of a call option

First note that under P*

d
dS; = Si((re—6;) dt + > o dWi),i=1,...d,
j=1
0 (Stie_ fff(rs_‘si)ds) are martingales under P*:
d (Stie* fJ(rrég’)ds) — o Jo(ra—6l)ds (=S¢ (re — 61) dt + dS7)

d
=S oS,

j=1
i T :
C o= B | O B)x I :exp{_/ 5ids}Ep- (5p-K)r 2
exp{[; rsds} t exp{ [, (r, = 8%)ds}

under P*, and conditional to F;,

d d
logS}flogwaN(/( —0%) dsff/ > (%) / > (ot
t i=1 i=1

Therefore

Then

) = exp{— / 5ids) (Sl (ds) — K exp{— / \ — 61)ds}(d ))
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with ‘
log 5+ 7 (r = dL £ 1320, (039)7) ds
dy = )
N2
\/ftT Z?:l (O';J> ds

If we take d = 1 a constant interest rate r and constant dividend rate §, we
have the following formula for a call option, with strike K:

Ct = Steié(Tit)(I)(d_A,_) - K@ir(T?t)q)(d_),

with
Clog %+ (r— 6+ 30?)(T —t)
B o/ (T —1) '

d+

If we take d = 1 a constant interest rate r and constant dividend rate J, we
have the following formula for a call option, with strike K:

Cy = ST Dd(d,) — Ke " T=9d(d_),

with
B log% +(r—0+ %UQ)(T—t)
B o/ (T —1)

dy

1.2.7 Currency options

A foreign currency can be thought as a kind of risky stock whose value at t, say
X, changes in a random way at that generates some interests (or dividends) at
the foreign rate, say r¢. In this way, if we assume a Black-Scholes for X and
with domestic interest rates ry, the price of a call option with strike K can be
obtained by using the previous formula with 6 =7y y 7 = r4.

Remark 1.2.12 The previous arguments can be extended to the cases where
w,r and § are adapted processes, cadlag and such that

1

¢ ¢
I, exp{f/o 0;(s)dW? — 5/0 Gi(s)ds},O <t<T,

1s a martingale. Also to the cases where o is adapted and invertible for all w
and t, but in these cases we will not have formulas of Black-Scholes type since
the discounted values of the stocks will not be log-normal distributed.

1.2.8 Stochastic volatility

Suppose that under P*

dSt = St (Ttdt + O'(WE, t)thl)



66 CHAPTER 1. FINANCIAL DERIVATIVES

where W}l and W2 are two independent Brownian motions. Then the price of
a call option with strike K is given by

Ci = E(e” I 7 d8(Sr — K) 4 | Fy)
= B(B(e™ " 79 (Sp — K) 4 [o(W2,5),t < s < T, F)|F)
= B($,0(dy) — Ke™ 40 (d_)| F,),
with

log 5t —&—j; rs £ 202(W2,s))ds
di 3

ft o2(W2,s)ds

. ¢ .
If we assume a covariance [; psds between W' and W7 we obtain

E(S:i&®(dy) — Ke™ ' 7 a(d_)|Fy),

with

T
_log S8 4 [T (ry £ 1(1— p2)o? (W2, 5))ds

VITa = o2 (w2, s)ds ’

and
T 1 (T
&=l [ poW2oaw? - 5 [ fo* W2 s)as)
t t
In fact, first note that a process Z such that
t
Zy =W} —/ psdW2,
0

is independent of W2:

t t
E(ZW?) = / psds — / psds = 0.
0 0

AW} = /1 — p2dW, + p,dW2,

dZ,. Then W is a Brownian motion independent of W2,

So, we can write

—Pt

Therefore we have
ds; = S, (rdt + o (W2, t) ( 1— p2dW, + ptde))

and by the It6 formula:

1

T T T
Sr = Sexpf [ rads+ / pso(wf,smwffg | po w2 sas)
t t

T
X exp{/ V1-=pic $)dW, — %/t (1 — p?)o? (W2, 5)ds}.
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1.2.9 Fourier methods for pricing

Define the Fourier transform of f by

(®f) (v) = / ¢ f ().

If f is integrable then it exists. Its inverse, if f is integrable, is given by, a.e.,
by

(Filf) (v) = 1 /Re*“”’f(:c)dx.

Cor
Suppose that the model is, under P*, of the form

_ rt+X
St =€ t,

where (X}) is a process with independent increments and homogeneous, X, = 0.
c.s., and with density fx,(z). The price at time zero of a call with strike e* is
given by

C(k) = e "TE((e"THXr —eF),).
Then if we consider the function
2p(k) = e TE((e T — b)) — (1 - eb=rT),,
it turns out that

- _ _ivrT P T(v_i)_l
or(v) = (Fzr) (v) =€ %—+1),

where px,. is the characteristic function of Xp. C(k) can be obtained now by
inverting ¢r(v). In fact En efecto

zr(k) =e T /]R Fxr @) (€T — ML ppriasiy — Liprsiy)de.
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Then if we apply the Fubini theorem
§T(U) = / eikva(k)
= _TT/ (/ Fxr()(eTH — ek)(]-{rT+z>k} - 1{rT>k})d33> dk

rT+x )
_ —rT/fXT( ) (/ ezkv(erT—i-z_ek)dk) dz
rT
iko T+ k(iv+1) 77T+
_ —rT rT+x 67 . €
- e (]SO

z(iv+1) _ er(iv+l) _

) e

:eerv/fXT(x).i r—e erv/fXT d{E
R

I w41
eirTU ) e’LTTﬂ )
= (pxr(v—1)—1) - m(@XT(U —i)—1)
eirTv
= —1)—1).
Ty P (0= =)

The next step is to invert ¢r(v), since it is assumed that we know ¢x.., and
then we recover zr (k).

To do this last step we can use numerical methods. If we want to calculate
the inverse Fourier transform of f(x) we can do the approximation

, Az A N-
/ S

—A/2

where xp = —A/2 + kA, with A = A/(N — 1). wy depends of the kind of
approximation. For instance the trapezoidal approximation wy = wy_1 = 1/2

and the rest of weights 1. If now we take u = u,, = ?\}T—g we have that

— A U e —2min
FH () un) = ™2 D wpf (ag)e2mimt /N,
k=0

Then, there exists an algorithm fast Fourier transform (FFT) to calculate very

fast
N—

Z 27rink?/N,n:O,1,...,N_1a
=0

that requires O(N log N) calculations Note that the step in the net of points
Up is given by d = 2. So dA = £F. Then if we want d and A small we have
to raise N in a major Way Another hmltatlon is that to use the FFT algorithm
the net of points has to be uniform and a power of two (N = 2F).



Chapter 2

Interest rates models

Interest rates models are used mainly for valuing and hedging bonds and options
on bonds. To remark that there is not a reference model as the Black-Scholes
on stocks.

2.1 Basic facts

2.1.1 The yield curve

In the models we studied we assumed a constant interest rate. In practice the
interest rate depends on the emission data of the loan and the final or maturity
time.

Someone borrows one euro at time ¢, till maturity 7', he will have to pay
an amount F'(¢,T) at time T, this is equivalent to a mean rate of continuous
interest R(t,T) given by the equality:

F(t,T) = T-OEGT),

If we assume that interest rates are known: (R(t,T))o<i<7, and there is not
arbitrage then
F(t,s) = F(t,u)F(u,s),vt <u <s,

and from here together with the condition F(t,¢t) = 1, it follows, if F(¢,s) is
differentiable as a function of s, that there exist a function r(¢) such that

F(t,T) = exp (/t r(s)ds) .

F(t,s+h)— F(t,s) = F(t,s)F(s,s +h) — F(t,s)
=F(t,s)(F(s,s+h)—1),

In fact, let s > ¢t

69
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F(t,s+h)—F(t,s) F(s,s+h)—F(s,s)

F(t, s)h B h ’

taking h — 0 we have

92 F(t,5)/0s _ 02F(s,5)/0s :=1(s)

F(t,s)

and from here
T
F(t,T) =exp (/ r(s)ds) .
t
Note that
1 T
T = —/—— .
R(t,T) 1) r(s)ds

The function r(s) is interpreted as an instantaneous interest rate, and it is also
called short rate.

But look the other way round. Suppose that I want a contract to guarantee
one euro at time T'. We have the so called bonds. Which is the price of a bond at
time t?. To receive F'(t,T) at time T we have to pay (put in the bank account)
one euro, then, for the bond, we have to pay 1/F(t,T).

In practice we do not know the prices of the bonds in different times, these
prices are changing randomly, but intuitively it seems that there must exist a
relation among all these prices for different initial and maturity times. The
interest rate models try to explain these prices.

The main object of our study is what is called the zero coupon bond

Definition 2.1.1 A zero coupon bond with maturity T' is a contract that guar-
antees one euro at time T. Its price at t shall be denote by P(t,T).

The bonds with coupons are those that are giving certain amounts (coupons)
till the maturity of the bond.

Definition 2.1.2 The yield curve of a zero coupon bond is the graph corre-
sponding to the map
T+— R(t,T)

We saw above that if we can anticipate the future or we would like to build
a bond market with deterministic prices for the different trading and maturity

times, the lack of arbitrage lead us to

P(t,T) = e Ji m()ds
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2.1.2 Yield curve for a random future

For a fixed ¢, P(t,T) is a function of T whose graph gives us the prices of the
bonds at t or the term structure at t. It is expected a smooth function. If we
fix T, p(t,T) will be a stochastic process. In this context, our bond market will
be a market with infinitely many assets: for each T" we have an asset and we
ask ourselves questions like:

e which models are sensible to valuate bonds?

e which relation must the prices of the bond have to avoid arbitrage oppor-
tunities?

e can we obtain the prices of the bonds if we have a model for short rates?
e given a model of bond market how can we calculate prices of derivatives,

such as call options of bonds?

2.1.3 Interest rates

Consider the following example. Suppose that we are at time ¢ and we fix
another future times S and 7', t < S < T. The purpose is to build at time t a
contract that investing at time S one euro we get a deterministic interest rate
in the period [S,T], in such a way that we obtain a deterministic amount at 7T'.
This can done in the following way:

1. At time t we sell a bond with maturity S. This gives us P(¢,S) euros.

2. At time ¢ we buy P(t,S)/P(t,T) bonds with maturity 7.
Note that this implies the following:

1. The cost of the operation at t is zero.
2. At time S we have to pay one euro.

3. At time T we receive P(t,S)/P(t,T) euros.

The amount we receive P(t,5)/P(t,T) can be quoted by simple or continu-
ously compounded rates:

e The simple forward interest rate (LIBOR), L = L(¢;S,T), which is the
solution of the equation:

P(t,9)

P(t,T)

14 (T — S)L =

that is the simple interest rate guaranteed for the period [S,T] at time t.
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e The continuously compounded forward interest rate R = R(t; S, T), solu-
tion of the equation:

JR(T-5) _ P(t,S).
P(t,T)
analogously to the previous case, is continuously compounded interest
guaranteed at time ¢, for the period [S,T]. The quotation using simple
interest rates is the usual at financial markets whereas continuously com-
pounded rates are used in theoretical frameworks.

So, in the bond market we can define different interest rates. That is the
prices of the bonds can be quoted in different ways.

Definition 2.1.3 1. The simple forward rate for the interval [S,T] con-
tracted at t, (LIBOR (”London Interbank Offer Rate”) is defined as

P(,T) - P(t,S)

L(t;S,T) = — (T — S)P(t,T)

2. The simple spot rate for [t,T), spot LIBOR, is defined as

P, T)-1
Lit,T)=——""——
) (T —t)P(t,T)’
it is the previous one with S = t.
3. The continuously compounded forward rate contracted at t for [S,T| as

_log P(t,T) —log P(t,5)

R(t;8,T) = T—%

4. The continuously compounded spot rate for [t,T] as

log P(t,T)

R(t,T) = -2 25

5. The instantaneous forward rate with maturity T contracted at t as

6. The instantaneous (spot) short rate at t
(t) = £(t.0) = Jim f(t.T)

Note that the instantaneous forward rate with maturity T contracted at ¢
can be seen as the deterministic rate contracted a ¢ for the infinitesimal period
[T, T+ dT].

Fixed t, any of the rates defined previously, from 1 to 5, alow us to recover
the prices of the bonds. Then, modelling these rates is equivalent to modelling
the bond prices.
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2.1.4 Bonds with coupons, swaps, caps and floors

Fixed coupons bonds

The simplest of the bonds with coupons is the bond with fixed coupons. It is
a bond that at some times in between gives predetermined profits (coupons) to
the owner of the bond. Its formal description is:

e Let Ty, T, ...,T,, fixed times. Tj is the emission time of the bond, whereas
Ty, ..., T, are the payment times.

e At time T; the owner receives the amount c;.
e At time T, there is an extra payment: K.

It is obvious that this bond can be replicated with a portfolio with ¢; zero-
coupon bonds with maturities 7;, i = 1,..,n — 1 and K zero-coupon bonds with
maturity T),. So, the price at time ¢t < T7 will be given by

n
p(t) = KP(t,T,) + Y _c:P(t,Ty).
i=1
Usually the coupons are expressed in terms of certain rates r; instead of quan-
tities, in such a way that for instance
¢ =ri(T; —Ti1)K.

For a standard coupon the intervals of time are equal:

T, =Ty + 10,

y r; = r, de manera que

i=1

p(t) = K (P(t, T,) +ré zn: P(t, Ti)> .

Floating rate coupon

Quite often the coupons are not fixed in advance, but rather they are updated
for every coupon period. On example is to take r; = L(T;_1,T;) where L is the
spot LIBOR. Since

1

LT, (T = Ticn) = prp——py — 1
(Ti—1, To)( )= BT
we have (taking K = 1)
1
s = LT, T = Tir) = s — 1

It is easy to see that we can replicate this amount selling a bond (without
coupons) with maturity 7; and buying one with maturity 7;_1 :
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e With the bond sold we will have at T; a payoff —1.

e With the bond bought, we will have 1 at T;_; and we can buy ﬁ
bonds with maturity 7; giving a payoff ﬁ

e The total cost is P(¢t,T;—1) — P(t,T3).

The for any time ¢ < Ty the price of this bond with random coupons is
n
p(t) = P(t,T,) + > (P(t,Ti-y) — P(t,T3)) = P(t,Tp)!.
i=1

Thsi means that a unit of money at Tj, evolves as a coupon bond with
floating rates given by the simple Libor rates.

Interest rate Swaps

There are many types of rate swaps but all of the are basically exchanges of
payments with fixed rates with random payments. We shall consider the so
called forwards swaps settled in arrears. Denote the principal by K and the
swap rate (fixed rate) by R . Suppose equally spaced dates T;, at time T;, i > 1
we receive

KdL(Ti_l, Tz)

by paying KJR, so the cash flow at T; is K8[L(T;—1,T;) — R],. The value at
t < Ty off tis cash flow is

K(P(t,T;—1) — P(t,T;)) — K6RP(t,T;)
= KP(t,T;-1) — K(1+ RO)P(t,T;),

so in total

p(t) = (KP(t,T;—1) — K(1+ R)P(t,T3))

NIE

1

.
Il

KP(t,Ty) — KP(t,T,) — KR} Z P(t,T})

i=1

=KP(t,Ty) - K _d;P(t,T;),
i=1

with d; = Ré,i =1,..,n—1 and d,, =1 + R6.

R is usually taken in such a way that the value of the contract is zero when
it is issued. If t < Ty,
P(taTO) — P(thn)

"= =5 P
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Caps and Floors

A cap is a contract that protects you from paying more than a fixed rate (the
cap rate) R even though the loan has floating rate. We can also define a floor
that is a contract that guarantees that the rate is always above the so called
floor rate R even for an investment with random rate.

Technically a cap is a sum of captlets, they consist on these basic contracts.

e The interval [0, T is divided by equidistant points: 0 = T, T4, ..., T, = T,
with distance §. Typically 1/4 of the year or half year.

e The cap works on a principal, say K, and the cap rate is R.
e The floating rate is for instance the LIBOR L(T;_1,T;).

e The caplet i is defined as a contract with payoff en T; given by

Ko(L(Ti-1,Ti) — R)+.

Proposition 2.1.1 The value of a cap with principal K and cap rate R is that
of one portfolio with K(1+ RJ) put options with maturities T;—1,i=1,....,n on
bonds with maturities T; and with strike ﬁ.

Proof.

1
P(Ti-1,T3)
_ K(1 +R§)( 1

- P(Ti-1,T;) (1 + R9)

K6(L(Ty—1, T}) — R); = K( —1-0R),

- P(ﬂ*l)ﬂ))+?

but a payoff ﬁ in T; is equivalent to 1 at T;_1. In other words, with the

cash amount K(l—f—Ré)(ﬁ—P(Ti,l, T;))+ at T;_1 I can buy Plzgj‘fg) ( (1+1R6) _

P(T;-1,T;))+ bonds with maturity 7; and I get this amount. m
Note that

Cap(t) — Floor(t) = Swap(t).

Swaptions

I a contract s that gives the right to enter in a swap at the maturity time of
the swaption. A payer swaption gives the right to enter in a swap as payer of
the fixed rate. A receiver swaption gives the right to enter as the receiver of the
fixed rates.

A payer swaption has similarities with the cap contract. In the cap the
owner has the right to receive a random rate and to pay a constant rate and
he will exercise in each period where the random rate is greater than the fixed
one. Similarly the owner of payer swaption has the right to receive a floating
rate and to pay a constant rate, however in the cap you chose if paying or not
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at each period, in the case of a swaption te decision is taken once for ever at
the maturity time of the swaption. The value of the "swap”, with principal 1,
at the maturity time of the swaption, say T, is

n

P(T,Ty) — P(T,T,) — RS Y P(T,T;),

i=1

so the payoff of a swaption is

(P(T, T,) — P(T,T,) — R6 Zn: P(T, Ti))
n

i=1

where
S(T)=P(T,Ty) — P(T,T))

that is the value of the payments with floating rate and

Z(T) = RS zn: P(T,T;)

i=1

that is the value of the payments with fixed rate.
It is also interesting the decomposition of the payer swaption payoff as

<P(T, To) — (P(T, Tn) + Razn:P(T7 Tl)))
+

i=1

where P(T,Tp) is the value of a coupon bond (at T') with floating payments and
P(T,T,) + R6Y.;_, P(T,T;) of a coupond bond with fixed payments. Then
a swaption can be seen as an option to exchange one coupon by another. If
T =Ty a swaption becomes a put with strike 1 on a bond with fixed coupons.

2.2 A general framework for short rates

We are going to define the process bank account or riskless asset. We shall
create a random scenario for the instantaneous rates r(s). More concretely we
consider a filtered probability space (2, F, P, (F;)o<i<T), and we assume that
(Fi)o<t< is the filtration generated by a Brownian motion (W), and that
Fr = F. In this context we introduce the riskless asset:

SY = exp{/0 r(s)ds}

where (7(t))o<i<r is an adapted process with fg |r(s)|ds < oco. In our market
we shall assume the existence of risky assets: the bonds! (without coupons)
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with maturity less or equal than the horizon T. For each time u < T we define
an adapted process (P(t,u))o<t<y satisfying P(¢,t) = 1.

We make the following hypothesis:

(H) There exist a probability P* equivalent to P such that forall 0 < u < T,
(P(t,u))o<t<u defined by

P(t,u) = e Jor©)dspy y)

is a martingale.
This hypothesis has the following interesting consequences:

Proposition 2.2.1
P(t,u) = Ep- (e— S r(s)ds |]-'t>
Proof.

P(t,u) = Ep*(p(u,u)|ft) = Ep-(e” o T(S)dSP(u,u)|ft)
= Ep- (6_ Iy r(s)ds‘]_-t),

so, by eliminating the discount factor

u

P(ta u) = Ep- (ef J; T(S)ds|-7:t)

]

If we write, as usually, Zyp = %, we know that Z; := E(%U—}) is a
martingale strictly positive, then since the filtration is that the generated by
the Brwonian motion, we have the following representation:

Proposition 2.2.2 There exists an adapted process (q(t))o<i<r such that, for
all0<t<T,

¢ ¢
Zy = exp{/ q(s)dW, — %/ ¢(s)ds}, c.s.
0 0

Proof. Since Z; is a Brownian martingale, a localization argument (since we
do not know if it is square integrable) allows us to extend the Theorem (1.2.5)

and to conclude that there is a process (H;) satisfying fOT H2dt < oo, a.s., such
that

t
Zi=1+ [ Haw.,
0
now since Z; > 0, P a.s., by applyin thelto formula, we have

1 [t H?
2 ), 22

t
H,
loth:/ —dWy — ds
0o Zs

soq(s) = 2=, cs. m
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Corollary 2.2.1 The price at time t of a bond (without coupons) with maturity
u < T 1is given by
P(t,u) = E(e” S r(s)ds+ [ a(s)dWs—3 [ g% (s)ds | F2)
Proof.

E(ei I T(S)dSZu|]:t)
Z

w A
= B¢~ Jir(s)ds J |]:t)

EP* (e_ ftu r(s)ds|]_‘t> —_

=E(e Jirts )ds+f“ a($)dWe—3 fi* ¢*(s $)ds| ).

]
The following proposition gives an economic interpretation of the process q.

Proposition 2.2.3 For each maturity u, there exists an adapted process (03" )o<t<u
such that, for all 0 <t < u,

= (r(t) = o'q((2))dt + o' dW;

Proof. Since (13(75, u)) is a martingale under P* it turns out that (I:’(t, u)Zt>

is a martingale under P, it is strictly positive as well and by reasoning as before
we

P(t,u)Z, = P(0,u)elo 054We—3 J5(02)%ds

for a certain adapted process (%)<, , in such a way that

P(t,u) = P(0,u exp{/ s)ds +/ (0% — q(s))dWs
-3 [ - e

consequently, by applying the 1t6 formula,

dP(t,u)

Plt, ) =r(t)dt + (6; — q(t))dWs

(0 — q(t))*dt

= (r(t) + ¢*(t) — O'q(t))dt
+ (0} - ( )dW,

and the result follows by taking o} = 6} — ¢(t). m
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Remark 2.2.1 If we compare the formula

dP(t,u) u w
Pltu) (r(t) — o'q((t))dt + oy dW;
with 450
a5y _
) r(t)dt

we find that the bonds are assets with greater risk the riskless asset S°. Note
also that, under P*

t
W, =W, —/ q(s)ds
0

is a standard (F;)- Brownian (by the Girsanov (1.2.8 theorem)) and we can

write AP (t,u)
u ~
— 2 = p(t)dt *dW,
Pl Do

justifying the name of risk neutral probability that we use for P*.

2.3 Options on bonds

Suppose a European contingent claim with maturity 7" and payoff
(P(T,T") — K)4

where T* > T and P(T,T*) is the price of a bond with maturity T*. Te purpose
is to valuate and hedge this call option of the bond with maturity 7. It seems
sensible to try to hedge this derivative with the riskless stock

S? _ ef(;‘ r(s)ds

and the risky one

Pt,T") = P(O,T*)exp{/ot(r(s) — % (UST*)Q)ds + /Ot ol"aw,,

in such a way that a strategy will be a pair of adapted processes ((;5?, ¢%)O<t<T*
that represent the amount od assets without risk and the bonds with maturity
T™* respectively. The value of the self-financing portfolio at time t is given by

Vi = ¢yS + 61 P(t,T7)
and the self-financing condition implies that
dV; = ¢{dS} + ¢y dP(t, T")
= 0r(t)elo T qt 1+ QL P(t, T*)(r(t)dt + o7 dW,)
= (¢r(t)eds ") L glp() P(t, T*))dt + ¢lol P(t, T*)dW,
= r(t)Vydt + ptol P(t, T*)dW,,



80 CHAPTER 2. INTEREST RATES MODELS

we shall impose the conditions fOT [r()Vi|dt < 0oy fOT lprol” P(t, T)|?dt < oo,
to get well defined objects.

Definition 2.3.1 An strategy ¢ = (¢Y, ¢t )o<t<r is admissible if it is self-

financing and its discounted value, Vi, is non negative.

Proposition 2.3.1 Let T < T*. Suppose that supg<,<7 7(t) < 00 a.s. and that
O'tT* %0 a.s. forall0 <t <T . Leth be a random variable Fr-measurable

such that h = e~ Jo T(®)dsp s square integrable under P*. Then there exists an
admissible strategy such that at time T its value is h and at time t < T it is
given by

V; = Ep- (6_ J;/T r(s)dsh|]_-t).

Proof. h is a variable Fr-measurable, with Fr = o(Wy,0 <t <T), it is
square integrable, as well, with respect to P*, so

Mt = EP* (;L|.7:t>

is a, square integrable, P*-martingala. Then (M;Z;) is a P-martingala, no
necessarily square integrable. In fact, we know that

E(hZr|Fy)

EP*(B‘ft) == Z
t

in such a way that R
MZ; = E(hZr|Fy)

and (E (BZT|}})) is clearly a P-martingale. In that way we have, by a small
extension of the Theorem (1.2.5),

t
MiZ, = E(M,Z:) + / J,dW,,
0

with (Js) adapted and such that fOT J2ds < 00 a.s., so
thMt + MtdZt + d<]\47 Z>t - Jdes,

that is

B dZt 1 Jt
dM; = Myt Zc1<M, 2+ AWy

1 J
= —M,q(t)dW, — ?d<M, Z) + ;th
t t

- (% ~ Myg(t)dW, — Zitd<M, 2),
- (% ~ Myg(t)dW, — (% — Myg(t))g(t)dt
Ji

= (= — Myq(t))dW, = H,dW,
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with H; = é—j — M,q(t),0 <t <T. Therefore if we take

H ~

1 t 0
-t 40— B (B F) -
& ol " P(t,T) o o7

H,

ol
we will have a self-financing portfolio with final value elo 7($)ds N = h. In fact
df/f _ d(67 s r(s)ds‘/t) — e I r(s)dsr(t)vtdt +e s r(s)dsdvt
= = Jo T (p () Vidt 4 r()Vidt + plol P(t, T*)dAW;)
= ¢plol" P(t, T*)AW, = H,dW, = dM,

It is obvious that V; > 0. The condition Supg<;< T(t) < o0 a.s. guarantees
that [;| |r(t)V;]dt < oo as.. m

2.4 Short rate models

Consider an evolution of the form
dr(t) = u(t,r(t))dt + o(t, r(t))dW; (2.1)

and suppose that
P(t,T) = F(t,r(t);T) (2.2)

where F' is a smooth function in RT x Rx R*. Obviously the boundary condition
F(T,r(T); T) = 1, should be fulfilled for all value of r(7"). Considere two bonds
with different maturities 77 and Tb > T). Assume there exists a self-financing
portfolio (¢?, ¢1), based on the bank account and such that the bond matures
at Ty and that, at time T3 < T3, replicates the bond with maturity 77, that is

P(T3,T1) = ¢0T3€IOT3 r(s)ds 4 ¢>1T3P(T3, T3)
then, if there is not arbitrage, we will have the equality
dP(t,Ty) = r(t)¢¥elo "4t + pldP(t, Ty)

for all ¢ < T3, and applying the It6 formula to (2.2) we have

oF™M oF™M 10%FM
dt d ————o?dt
R O
OF®) OF®) 192°F®
=7(t)p)SVdt + o} ot + h o dr(t)+¢%§wa2dt
So, by equating the dW; and dt terms,
oF  gr®) 10°F0M
- 2.
o o Moo C (2:3)
OF®) OF®) 192°F®
_ 00 1 1 1
B Car T R
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OFM LOF®)

o = o
or toor
hence
oFrW
1 _ or
bp = OF(2)
or
and
aFM
0g0 _ (1) or (2)
Ty Sy = r(FV — OF(2) ).

or
Then, by substituting in (2.3) we have

e \Tor T ar M TaTam 7T

1 [(oF®  9F® 10°F®
_ : _ @
= agf) ( N + or n+ 5 92 o rF ) .

1 (8F<1> oF™) 10°F0) F<1>)

Since this is true for all, T, T> < T, it turns out that there exists a A(t,r) such

that
OF OF 10°F oF
o + 2P + iwag —rF = /\O'E (structure equation) (2.4)
As we see there is an indetermination in A and this has to do with the fact
that the dynamics of (¢) under P does not determine the prices of the bonds.

We have the following proposition
Proposition 2.4.1 Let P* be equivalent to P such that

* T T
T el [ M- g [ ¥ r()as,

assume that -
F(t,r(t);T) = Ep-(e”Jv "% | 1)

is C'1:2, then it is a solution of (2.4) with the boundary condition F(T,r(T); T) =
1. Also, under P* y
dr(t) = (u — Ao)dt + cdW;

with W (F;) being a P*-Brownian motion.
Proof. Let P* be equivalent to P such that

« T T
((1;; :exp{f/o )\(s,r)dst%/o N (s,r)ds}

(a sufficient condition is the Novikov condition E(exp{3 fOT A (s,r(s))ds}}) <
o0) then we know, by the Girsanov theorem, that

W. =W + /0. A(s,r(s))ds
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is an (F;)-Brownian motion with respect to P*. If we apply the It6 formula to
e~ fo (s (¢ r(t); T) we have:

e Jo T E (g r(t); T)

¢ s oF OF 10°F
— . - for(wdu Zt | Y4 v F 2
F(O,T(O),T)—l—/o e (3t + 87"M+ 5527 rF)ds

t
+/ e—f;r(u)duaiadws
0

or
t s oF OF 10°F OF
_ . _fo r(u)du ¥t v Y52 o v
F(O,r(O),T)—i—/O e (825 + 37“'u+2 52° rF )\Jﬁr)ds
t
+/ e_fosr(")d“a—FUdWs.
0 or

Then, since e~ Jo r&Asp(tr(t); T) = Ep-((e” Jo r(wdu] 7} it turns out that
OF L OF ) L 10°R 52 g \g9F — 0. The boundary condition F(T,r(T)y;T)=1
at Toar T2 52 or : Y ’ ;
is obviously satisfied. m

In this situation several models for 7(¢), under the risk neutral probability,

has been proposed:

1. Vasicek
dr(t) = (b— ar(t))dt + cdW,.

2. Cox-Ingersoll-Ross (CIR)

dr(t) = a(b — r(t))dt + o/r(t)dW,

3. Dothan
dr(t) = ar(t)dt + or(t)dW;

4. Black-Derman-Toy

dr(t) = ©O)r(t)dt + o(t)r(t)dWy

5. Ho-Lee
dr(t) = O(t)dt + cdW;

6. Hull-White (Vasicek generalizado)

dr(t) = (©(t) —a(t)r(t))dt + o(t)dW;

7. Hull-White (CIR generalizado)

dr(t) = (0(t) — a(t)r(t))dt + o(t)\/r(t)dW;
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2.4.1 Inversion of the yield curve

In the previous models we have several unknown parameters, that we shall
denote by a. These parameters cannot be estimated from the observed values
of r(s), since that evolve not P* but under the real probability P. Where we
can note the effect of P* is in the real prices of the bonds, because if the model
is correct
_ — fT r(s)ds _ .
P(t,T) = Ep-(e”Jt |F:) = F(t,r(t); T, a),

this latter equality if the model is Markovian under P*. Then, if, for instance,
the evolution of » under P* is given by

dr(t) = p(t, r(t); a)dt + o(t, r(t); a)dW;
we can try to solve the partial differential equation

OF OF  10°F ,
E—i_ﬁu—'—iwo— —rF =0, (25)
F(T,r(T);T,a) =1 (2.6)

and then try to adjust the value of « for fitting P(¢,T) = F(t,r(t); T, «) to the
observed values of the bonds. Evidently some models will be more tractable
than others.

2.4.2 Affine term structures

Definition 2.4.1 If the term structure {P(t,T); 0 <t < T} has the form
P(t,T) = F(t,(t):7)

where ' is given by
F(t, T(t); T) — eA(t7T)—B(t7T)T‘

and where A(t,T) and B(t,T) are deterministic, then we say that the model has
an affine term structure (Affine Term Structure: ATS).

The structure equation (2.5) lead us to

0A 0B 1 50
and the boundary condition (2.6) to
AT, T)=0
B(T,T) = 0.
Then, if p(t,r(t)) and o(t,7(t)) are also affine, that is
pu(t, r(t)) = alt)r + B(t)
o(t,r(t)) = v(y(t)r +4(t))
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we have

0A 1 0B 1
i B(t)B + 55(:5)32 {1+ e +a(t)B — 57(15)BZ}T =0

and since this is satisfied for all values of r(t)(w) we conclude

0A 1

— —_— 2 =
B B(t)B + 26(15)B 0

0B 1 2
1+ o +a(t)B — 57(t)B =0.

Exercise 2.4.1 Consider all the above mentioned models except for the Dothan
and Black-Derman-Toy models, and show that they are ATS.

2.4.3 The Vasicek model
We shall apply the previous technique to the Vasicek model

dr(t) = (b—ar(t))dt + odWs, a,b,0 >0

Note that

dr(t) + ar(t)dt = bdt + odW;

=e "d (e"r(t)).
Hence
d (e™r(t)) = e*bdt + eodW;,

and finally

b b ! .

r(t) == +e (T(O) - ) + 0/ e~ =) qw,.
a a 0

Then, we have that r is a Gaussian process and when ¢t — oo, the distribution
of 7(t) tends to a limit distribution N(b/a, %/ (2a)). This process is named the
Ornstein-Uhlenbeck process and its main feature is its mean reverting property:
if the process r(t) is greater than 27 then the drift is negative and the process
tends to go down. If the process r(t) is less than g then it tends to go up.
So, in the end, it finished oscillating around the mean value 3 with a constant
variance. A drawback of this model is that it can give negative values for
r(t), producing arbitrage opportunities. This model is an ATS model with

at) = —a,B(t) =b,v(t) =0y §(t) = 02, so

0A 1 5.0 B
B
1498 _up—0, BT =0 (2.7)

ot
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It is easy to see that
1
Bt,T)=~(1—e2T71),
a

then , from (2.7), we have

o2 (T T
A(t,T) = —/ B3ds — b/ Bds
2 /i t
and substituting for B we obtain

B(t,T) - (T —-1t) (ab — 102) _ 1232(t,T).

AlT) = 2 da

a

If we consider the continuous forward interest rate for the period [t,T]: R(¢,T),
since
P(t7 T) = eXp{—(T - t)R(t7 T)}

and since
P(t,T) =exp{A(t,T) — B(t,T)r(t)},

it turns out that
A(t,T) — B(t, T)r(t)

R(t,T) = —
(t,7) —
So, in this model
lim R(t T)iéii
e T T T 22

and this is consider as another imperfection of the model by praticcioners since
it does not depend on r(¢).

2.4.4 The Ho-Lee model

In the Ho-Lee model
dr(t) = O(t)dt + odW,

So, a(t) = ~(t) = 0, B(t) = O(t) and §(t) = o2. Then, we have the equations

0A o2
— —O(t)B+ —B%= AT, T) =
6B+ LB =0, ATT)=0
0B
1+ — = B(T,T) =
+8t 0, (T,7)=0,
therefore
B(t,T) =
<72(T—7f)3
T) — — .
Alt, /@ (s—T)ds > 3

Note that, contrarily to the previous model, we do not have an explicit expres-
sion in terms of the parameters. Now, we have an infinite-dimension parameter
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O(s). One way of estimating it is to try to fit the initially observed term struc-
ture {P(0,T),T > 0} to the theoretical values. That is

P(0,T) ~ P(0,T),T > 0.

This gives . .
_82 log P(0,T) _82 log P(0,7) _ 0f(0,T)
or: "~ or:  oT
and therefore R
. af(oa T) 2
o(T) = 5T +0o°T

2.4.5 The CIR model
In this model model
dr(t) = a(b—r(t))dt + o/r(t)dW;

where a,b,0 > 0. As in the Vasicek model there is a reversion to the mean, here
given by b, but the volatility factor /r(¢) keeps the process above zero: when
the process is close to zero there is only contribution of a positive drift.

Proposition 2.4.2 Let Wy, W5 be two independent Brownian motions and let
Xi,i=1,2 be two Ornstein-Uhlenbeck process, solutions of

AX,(t) = ngi(t)dt + gdWi(t),z‘ =1,2.

Then the process
r(t) = X7 () + X3(t),

satisfies
dr(t) = ("; — ar(t))dt 4+ o/r(t))dW ()
where W is a standard Brownian motion.
Proof. By the It6 formula for the bidimensional case
o2
dr(t) = Q;;Q Xi(£)dX; (1) + - dt

= —ar(t)dt +o Z X;(6)dW;(t) + %th

i=1,2
o? ¢
= (5 —ar(®)dt +o+/r(t) Z XT((?) dwi ().
Write
aw () =3 2 g,

o
<
—
~
=

=1
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then W is an It6 process with quadratic variation t¢:

wari= 3 | )fj(i)s)ds

i=1,2
=t.

And by he It6 formula
. ) L A2 ot
AW _ iAW, +i/\/ eAWe QI — ?/ NS

Consequently

) A2t .
E(eAWemW 7)) =1 — 53 E(eMWe=Ww| F,)ds,

u

and
E(eiA(Wt—Wu) ‘fu) _ e_%,\Q(t—u).

Hence W has continuous trajectories, with independent and homogeneous in-
crements (and N(0,¢)). In other words, W is a Brownian motion. m

Remark 2.4.1 From the previous calculations we deduce that if ab > %2, the
values of r(t) hold strictly positive.

Bond prices for the CIR model

We have to solve

9A Loy
57~ BB+ 55(0)B> =0,

0B

1 -
L+ - +a(t)B = 57(t)B* =0,

con f=ab,§ =0,a = —a y v = o2 That is

A
a——abB:Q

ot
0B 1
1+ —aB—-0’B*=0
+ o ¢ 5 ,

with the boundary condition B(T,T) = A(T,T) = 0. It is easy to see that, by
taking derivatives, we have
2(ecT=H — 1)
B(t,T)= ————
with ¢ = Va2 + 202 and d(t) = (¢ + a)(e*T Y — 1) 4 2¢. By integrating

A(t,T) = %‘f ((a+c)2(T—t) + log dZ(E)) .
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2.4.6 The Hull-White model

In the calibration step we try to adjust the real bond prices to the the theoretical
ones. If we use the notation {P(0,7),T > 0} for the observed prices, we shall
find that

P(0,T;a) = P(0,T), T>0.

but this is not possible if our set of parameters, a, is finite dimensional. We have
seen that in the Ho-Lee model this was possible due to the fact that the involved
parameter O(t) was infinite dimensional. The Hull-White model combines this
fact with the mean reverting property we have in the Vasicek model. By this
reason it is quite popular. The dynamics we consider is

dr(t) = (0(t) — ar(t))dt + odW;, a,0 > 0.

Then, we have

1
B(tzT) = 5(1 - eia(Tit))a

and
2

o2 [T T
A, T) = 5 / B%ds — / O(s)Bds
t t
then we have a theoretical forward rates given by
f(0,T) = =0rlog P(0,T) = 0r (B(0,T)r(0) — A(0,T))

= O0r (B(0,T))r(0) — 02/0 B(S,T)GTB(S,T)dS—I—/O ©(s)0rB(s,T)ds

T T
1
=e T (0) — 02/ a(l - efG(T*S))ef"(T*S)ds + / @(s)efa(T*S)ds
0 0
T o’ T\2 4 (T—s)
=e "1 (0) — ﬁ(l —e ) +/0 O(s)e ds.

£(0,7). By differentiating with respect to 7' and we
(1 _ efaT)2

We have to solve f(0,T)
2

call g(T) := e *Tr(0) — Z5 , we have

T
Orf(0,T) = drg(T) + O(T) —a /0 O(s)e="T-9ds
= BTg(T) + @(T) - a(f(()vT) _ g(T)),

O(T) = 0rf(0,T) = 0rg(T) + a(f(0,T) — g(T)).

We can then to capture f(O, T) doing

O(T) = drf(0,T) — drg(T) + a(f(0,T) — g(T)).
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Exercise 2.4.2 Let (W1, Wa,...,W,,) n be independent standard Brownian mo-
tions and let X;,1=1,...,n, be Ornstein-Uhlenbeck processes solving

dXZ(t) = 7(1Xl(t)dt + O'dWZ(t),Z = ]., ey n.

Consider the process

r(t) == XT(t) + ... + X2(¢).

Show that
dr(t) = (no? — 2ar(t))dt + 20+/r(t))dW (t)

where W is a standard Brownian motion.

2.5 Forward rate models

As we have seen one drawback of the short rate models is their difficulty in
capturing the term structure observed at initial time. An alternative is to
model the forward rates f(¢,T) and to use the relation r(¢) = f(¢,¢), this is the
so-called éste es el enfoque de Heath-Jarrow-Morton (HJM) approach. We have
that

P(t,T) = exp{— / £(t, 5)ds},

so f(t,s) represent the instantaneous rates (at s) anticipated by the market at
t. Suppose that under a risk neutral probability P*

df(t,T) = a(t, T)dt + o(t, T)dW, ,T >0 (2.8)

with
£(0,7) = f(0,T).

We shall try to deduce the evolution of P(t,T) from that of f(¢,T). If we write

— [" f(t,s)ds, we have P(t,T) = eXt and from the equation (2.8) we
t
obtaln

T
dXt:f(t,t)dt—/ df(t,s)ds =
¢
T T
= f(t,t)dt—/ (t,s dtdsf/ o(t,s)dWds
t

T T
:(f(t,t)—/ (t,s)ds)dt — ( / o(t, s)ds)dWr,
t t
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where we have applied a stochasticFubini theorem. Then

(f((;,,TT)) =dX; + %d(x%
= (f(t,t) - /tT a(t, s)ds)dt — (/tT o(t, s)ds)dW;
+ ;(/tT o(t, s)ds)?dt
= (f(t,t) — /tT aft, s)ds + ;(/tTa(t, s)ds)?)dt

iy /t U ot s)ds)dW,.

And if we compare with that obtained in (2.2.1) and we have into account that
f(t,t) = r(t) it turns out that

_ /tT a(t, s)ds + ;(/tTJ(t, 5)ds)? = 0,

therefore

T
alt,T) = ( /t o(t, s)ds)o(t, T)

and we can write the evolution equation (2.8) as

df(t, T) = o(t, T)( /t ’ o(t, s)ds)dt + o(t, T)dW.

Note that all depends on o(t, s), that is on certain volatility. We have eliminated
the drift «(¢,T), as in certain way happened for the call prices in the Black-
Scholes model.

Then the algorithm to use the HJM approach is

1.

2.

3.
4.

Specify the volatilities o (¢, s)

Integrate df (t,T) = o(t, T)(ftT o(t,s)ds)dt 4+ o(t, T)dW; with the initial

condition f(0,T) = f(0,T).
Calculate the prices of the bonds from the formula P(t,T') = exp{— ftT f(t, s)ds}.

To use the previous results to calculate contingent claim prices.

Example 2.5.1 Suppose that o(t,T) is constant that we denote o. Then

SO

df(t,T) = o*(T — t)dt + odW;,

FLT) = F(0,T) + o*H(T — %) + oW
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In particular
242

’(0) = £(t.1) = F0,0) + -+ oW

and therefore R
ar(0,T
dr(t) = (% |7—¢ 4+ o?t)dt + odW,,
but this is the Ho-Lee adjusted to the initial structure of the forward rates.

Example 2.5.2 A usual assumption consist of assuming that the forward rates
with greater maturity time has a lower fluctuation than that with a lower matu-
rity time. To capture this feature we can take, for instance, o(t,T) = ge b(T—1)
b > 0. We have then

’ T b(s—t) g b(T—t)
o(t,s)ds = / e VT ds=—— (e VT — 1),
/t . 5 ( )

and )
df(t,T) = f%e*b”*t)(e*b”*t) — 1)dt + oe T AW,
Therefore
o2e—20T pn 02T o
f(t,T):f(O,T)JrTﬂ(l—e ) — b2 (1—¢€")

t
+aebe/ ebsdw,.
0

In particular

et 1)

0'2 ¢
r(t) = £(0,) + 55 (e —1) - 2

t
+oe_bt/ P AW,
0

that corresponds to the Hull-White model considered above.

Remark 2.5.1 A sufficient condition to guarantee the equality fOT o(t,s)dWids =

T t,s)ds)dW; es T E(o? t,s))dsdt < oo, see Lamberton and Lapeyre (1996
0 0
page 138.

2.5.1 The Musiela equation

Define
r(t,z) = f(t,t + )

and assume a model HJM under the neutral probability, in such a way that
T
df(t,T) = o(t, T)(/ o(t,s)ds)dt 4 o(t, T)dW,
t

We have the following proposition,
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Proposition 2.5.1

dr(t,z) = {%T(t, x) + oo(t, x)(/ol’ oo(t, s)ds}dt + oo (t, z)dW,

where
oo(t,x) :=o(t,t + x)
Proof.
0
d'f’(t7 J}') = df(t, T)‘T:tJr:L’ + ain(t, T)‘T:t«i»xdt
t+x _
=o(t,t+ x)(/ o(t,s)ds)dt + o(t,t + x)dW,
t

+ %r(t, x)dt

[

Note that the Musiela equation is a stochastic partial differential equation.

2.6 Change of numeraire. The forward measure

We are going to study a procedure that is useful when we want to calculate prices
of options in a bond market. It has to do with the use of the so-called forward
measure. Let P* the neutral probability. By definition P* is a probability such

that
(P(t, T))

are martingales, for all values of T'. Fix a maturity time 7" and consider the
values of bonds with another maturity time 7" > T in terms of the bond with
maturity T

0<t<T

P(t,T)
P(t,T)
That is instead of taking as reference (numeraire) the value of a unit of money
in the bank account, we take the value of a bond with maturity 7. Let PT

Ur p(t) ==

ne a probability with respect to which (UTT(t)) are martingales for all
' 0<t<T

T > T. We call PT the forward measure. Define aipriobability at Fr, PT such

that -
dPT e~ fo reds

ap* ~ P(0,T)

We can see that it is a forward measure.

Proposition 2.6.1 If (V;),<,<p is the value of a self-financing portfolio then
its discounted value using as reference (numeraire) the bond value P(t,T), is a
PT -martingale. That is

0<t<T
P(t,T)’ - =
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is a PT-martingale.

Proof. Define

P £ e~ fo rsds £
t = P*( P(O,T) | t)?
then )
P(t,T)
Z =
"7 P(0,T)
By the Bayes (1.8) rule
Vr B _ Ep(VpZy|F)
EPT(P(T7 ) |F) = Epr (Vr|Fe) = 7,

_ Ep-(Vr|F)

P(0,T)Z; — P(t,7T)

(]
Corollary 2.6.1 The price of a replicable T-payoff Y is given by

P(t,T)Epr (Y|F).

Proof. Let (Vt)ogth the self-financing portfolio that replicates Y, then

Vr =Y and therefore

Proposition 2.6.2 Suppose that

0 T 0 T
- . _ft rsds — N _ft rsds
aTEP (6 |~7:t> Ep ((‘})T (6 ) ‘Ft),
then
EPT (TTlft) = f(t,T).
Proof.
_ 1 8P(t,T) _ 1 ﬁ _IT T‘Sds
ICT) ==pamar  ~ pPamartre VY
1 8 T 1 T

- o — —ft reds — . —ft rsds

T o G (@ )10 = g B (e )
= EPT(T‘T|.Ft).
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Let (S¢)g<i<p an asset strictly positive and denote by P9 the probability

(ln .j l) [ha[ makes
< t) t<T
S 0<t<

a martingale, where (V;) <, is a self-financing portfolio. We have a general
formula general for an option price.

Proposition 2.6.3 The price of a replicable T-payoff Y is given by
Y
StEP(S)(?|ft)~
T

Proof. Let (V;)y<,<r be the self-financing portfolio that replicates Y, then
Vr =Y and therefore

Vr Vi

Epes) (w2 |Fy) = .

rolg ) =75,

Proposition 2.6.4 Let (S;) <, be an asset strictly positive, then the price
of a call option with maturity T of the asset S and strike K is given by

(t; S) = S, P9 (S > K|F;) — KP(t,T)PT(Sp > K|F,).

Proof.

H(t; S) = Ep* (6_ ftT T*"ds(ST — K)+|ft)

= Ep-(e 0 ™¥(Sp — K)1s,5x1|F)
— Epe(e 5 801 g, 1| F) — KEp-(e7 I 7851 g~ 1y | F)
= S P9 (Sp > K|F) — KP(t,T)P" (Sr > K|F),
with
AP e Jy rads g,
P So

]
Suppose that S is another bond with maturity T > T, then the option (with
maturity 7') on this bond has a price given by

N(t; 8) = P(t, T)PT(P(T,T) > K|F)) = P(t, T)P"(P(T,T) > K|F;))
= PUTIP (g < 56) = KPODPT (s = K1),
Define,
Ut,T,T) := P(t, T)
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In the context of affine structures
o _ P(LT) ' .
U(ta T7 T) = P(t T) = eXp{*A(L T) + A(ta T) + (B(t7 T) - B(t7 T))Tt}
and with respect to P*
dU(t) = U(t)(...dt + (B(t,T) — B(t,T))odWy).
Then under PT and PT we have
AU (t) = U(t)(B(t,T) — B(t,T))odW/,
AU (t) = ~U*(t)(B(t,T) — B(t,T))o dW,'.

in such a way that

vr) = prpen(- [ onn@awd -3 [ s

~P(t,1)
n T T
UNT) = ig:g; exp{/t opp(s)dW! — %/t U%,T(S)ds}.

with -
opr(t) =—(BtT) - B(t,T))o:.

Therefore, if 0; is deterministic the law of log U(T') conditional to F; is Gaus-
siana with respect to PT and PT, with variance

T
Ef,T,T ::/ U%T(s)ds,
¢

logU(T) — log PUT) L 1y2 i,
Ley PET) 20T 7 | ~ N(0,1) bajo PT
Et,T,T
log U=H(T) —log 2D 4 152
Ley @) PeT) 27T 7 ) ~ N(0, 1) bajo PT
ZJt,T,T
Note finally that
A P(I,T) 1 P(T,T)
(t; S) = P(t, T)PT )« I FEY - KPETPT () > K|,
(7 ) (7 ) (P(T’T)_K‘ t) (7 ) (P(T,T)_ | t)

(2.9)

(,T)PT(U(T) < = |F) ~ KP( T)PT(U(T) > K|F)

t
(t,T)PT (log U(T) < —log K|F,) — KP(t,T)P" (log U !(T) > log K|F,)
t

P
P
P(t, T)®(d) — KP(t,T)®(d_),

with

P(t,T) 1v2
Jt — log wpey * ta,T,Tl

th,T
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Example 2.6.1 In the Ho-Lee model

orT = _U(T - T)a
Sopp=o(T = T)WT -1,

Example 2.6.2 For the Vasicek model

opp = geat(e—af _ e—aT),
’ a
2 o’ —2(T—t) —(T—T)\2
Zt,T,T_ﬁ(l_e )(1—6 ) .

and the same for the Hull-White model!.

2.7 Market models

2.7.1 A market model for Swaptions

Consider a payer swpation with maturity T' < Ty, tenor structure Ty, Ts, ..., Ty,
and swap rate R. Its payoff is

(5(T) = 2Z(T))+
con
S(T)=P(T,Ty) — P(T,T))
that is the value of the floating payments and

Z(T) = RS f: P(T,T})
i=1

the value of payments with fixed rate. We can take Z(t) as numeraire and the
price will be

S(T)

LR = Z(t)EP<Z>((m

20 Epr (B~ —1)4|F).

Then, if we assume that under P, or P* we have an evolution

SWY SO 0y
d (Z<t>) = Z(p) Wt o)

with ¢ constant, it turns out that, under P(%)

S _ S0, 1y
d(Z(t)) = 720"

S(T)  S(t) T A
Z(T):Z(t)eXp{/t adWSZ—§/t Uds},

SO
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and we obtain the Black-Scholes formula of a call with strike 1 and r = 0,
multiplied by Z(¢):

200 (G 2(ds) - #(@)) = SO - Z(Oa(d-)
with

B log % +10%(T —t)

B o/ (T —1)

This formula is known as the Margrabe formula. Remember that the forward
swap rate was given by

O(d+)

P(t,Ty) — P(t,Ty)
6 Z:’;l P(t7 711) ’

R(t) =

i S(t)  P(t,Ty) = P(t,T,) R(t)

Zt)  ROY..,P#T) R

Therefore the volatility o corresponds to the volatility of e R(t). The previous
formula can be written more explicitly as

Swaption, = (P(t,To) — P(t,T,)) ®(d.) — (Rai: P(t,ﬂ-)) B(d_),

i=1
where

log (P(t,To) — P(t,Ty,)) —log (R6 >, P(t,T;)) £ 02(T — t)
o/ (T —1) .

d(ds) =

2.7.2 A LIBOR market model
First of all note that

P(t,T;) — P(t,Ti—1)
SP(t,T;) ’

L(t,j—;,l,j—;) = -

SO
P(t7 T‘ifl)

U(taTi—laTi) = W

=1 + (5L(t, Tifl, Tl)

and therefore
dU(t,T;-1,T;) = 6dL(t; Ti—1, T3),

then, respect to PT, and if the structure is affine,

dL(t;,Ti—lan) = U(taTi—laTi)(B(tvﬂ) - B(taﬂ—l))atdW?i

(]. + 5L(t,TZ,1,TZ))(B(t7E) - B(t,Tifl))Jtdeﬂi.

S = | =
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Consequently the structure of LIBOR is established . Another way is to fix a
model for the LIBORs, but then we have to check the consistency and if the
whole model is free of arbitrage. One way is that the whole mode implies a model
for forward rates free of arbitrage. It can be seen, by a backward induction, that
it is possible to build a LIBOR model such that

ALt Tio1, Th) = L(G Ty, TN, Tioa, T)AW i = 1,

with initial conditions

P(0,T;) — P(0,T;—1) ;
5P(07Tl) ’

L(0;T; 1, T3) = — =1,..,n.

In particular, if we take A(¢,T;—1,7T;) deterministic we have that L(¢;T;—1,T;)
is lognormal (LLM). This model is very popular.
Let P(t,T,) fix as numeraire, then

P(t,Ty)
P(t,T,)’

U(t7 Tia Tn) =
are PT»-martingales for i = 0,...,n — 1 and since
AU (t, T3, T,)) = 6AL( Ty, T),
in turns out that
AL(t; Ty, Tp) = L(t; Ti, T ) A (£)dW

We have arbitrariness choosing A?'(t). Fix A\'_;(t) = A(¢, Ty,—1,Ty) and consider

now the market when ¢ moves between 0 and 75,1, take P(t,T;,—1) as reference,
we have that

Ui, 7;,Th-1) = =———,1=0,...,n — 2,
( ) 1) P(t,Tnfl) v n
are PT»—1-martingales, but

P(t,T;)

P(t,T:) P(t,T,)
U T Toa) = P(t,Tp1) PET.D

T P&, Th)

— U(t7naT7L)
U(thnflan)’

therefore we can calculate the dynamics in terms of W7». For simplicity in the
notation write

dU(t, T;, T,) = adW/ ™, dU(t,Tp—1,T,) = SAW,/
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1 1
AU T, Tpr) = —————dU T, Tp) + U(t, Ti, Ty )d oo
T Tom) = g g,y AU T T) U T D) o
1
UG T Th), 77—~
* < (7 )U'('aTYnflvT‘n)>75
o Ut,Ti,T,)p
=AW - o g
U<t7Tn71aTn) K U<t7TnflaTn)2 ¢
Ut T T8
U(t»TnflaTn)S
af
-t
U(taTn—laTn)Q
Th_1,T,) — T;, 1T,
:OZU(t, n—1, n) ﬁU(t7 2l n) thTn_ 6 dt
U(taTnfl,Tn) U(taTnfl»Tn)

6L(t7 Tnfla Tn))\(t7 Tnfla Tn) dt)

=) (W] —
Yi ( ) ( t 1 +6L(t,Tn—1aTn)

for certain process, 77, then , we can find a forward measure PT»-1 respect to
which U(¢,T;, Tyo—1), i = 1,...,n — 2 are martingales, and we will have

AL(t; Ty, Tp1) = L(t; T2, Ty ) )N?H(£)dW Tn—1,

Now fix A" (t) := A(t,T,,_2,T,,_1) and so on. Finally we can fix the evolution
of all LIBOR and bonds in such a way that the market model is free of arbitrage.

2.7.3 A market model for caps

Proposition 2.7.1 In an LLM model the price of a cap ("in arrears”) with
swap rate K and tenor-structure T; =Ty + 10, i = 1,...,n is given by

1) = zn: OP(t, Ty)(L(t; Tia, Ti)(diy ) — K®(di-)),
i=1

where
log w + %UZQ (t)
dix = ’
v;(t)
with
Ti—1
B0 = [T s
t
Proof.

() =Y KoP(t,T)Epr, (L(T;-1,Ti) — K)4|F),

i=1
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and under PT:,
log L(Tithi) = log L(TiflvTiflvTi)
Ti—1
= log L(t,Ti_l,Ti) + / )\(S,Ti_l,Ti)dWSn’
¢

1 Ti 1
-z A (s, Ti—1,T;)ds.
2 t

Remark 2.7.1 If \2(s,T;,_1,T;) = 02, i = 1,..,n for certain constants, then
we have the so-called Black formula for caps. This market model is incompatible
with a model for swaps with constant volatility for the forward swap rate.

2.8 Miscelanea

2.8.1 Forwards and Futures

Definition 2.8.1 Let X be a payoff at T. A forward contract on X with de-
livering time T is a contract established at t < T that specifies a forward price
f(&;T) that will be paid at T for receiving X. The price f(t;T) is fized in
such a way that the contract price at t is zero.

Proposition 2.8.1

T
f(t;T) = ﬁE‘m (X eXp{—/t rsds}|F)
= Epr (X|F).

Definition 2.8.2 Let X a payoff at T. A contract of futures on X and deliv-
ering time T is a financial asset with the following properties

e There exist a future price F(t;T) on X at each time t.

e At T the owner of the contract pays F(T;T) and receives X.

e For any arbitrary interval (s, t] the owner receives F(t;T) — F(s;T).
e At each time the price of the contract is zero.

Proposition 2.8.2
F(t;T) = Ep+(X|F).

Proof. Let V; the value of a self-financing portfolio formed by a bank
account and a contract of futures

Vi = felo e 4 610

t
_ ¢?ef0 rsds
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but

AV; = regfelo T dt + A F (1 T)
=r Vidt + ¢} dF(t;T),

SO
AV, = elo B pldF (1, T),

with F(T;T) = X and since V is a martingale with respect to P* it turns out
that F(-;T) is also a martingale and therefore

F(t;T) = Ep-(F(T;T)|F:) = Ep-(X|F1)
]

Corollary 2.8.1 Future prices and forward prices coincide if and only if inter-
est rates are deterministic.

2.8.2 Stock options

Suppose that bonds have a volatility op(¢,7T), d-dimensional, deterministic
and cadlag, that is, that under the risk neutral probability P*

dP(t,T) = P(t,T)(...dt + op(t,T) - dW})
and that there is a stock S such that under P*
dSt = St(’l"tdt + O'S(t) . th),

where ||og(t) —op(t,T)|| > 0, os(t) determinista and cadlag. Then the price
of a call option with strike K is given by

O, = S,®(dy) — KP(t,T)®(d_), (2.10)
with g L
= 5, ,
where

T
St= [ llostu) - onu 1) du.
t
In fact, by the general formula we have seen above

1(t; S) = S, P (S > K|F,) — KP(t,T)PT(Sr > K|Fy),

Fo(t) = L (;’tT) _r (g;T) exp{ /O du+ /0 (0s(u) — 05w, T)) - dWa},
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and under P(5)
dFs(t) = Fsllos(u) — op(u,T))|[dWS),

where W) is a P(9)-Brownian motion. Analogously under PT

dFp(t) = —Fpllos(u) — op(u, T))|ldW,,

with W7 Brownian motion under P”. And doing similar calculations to that
in (2.9) we obtain (2.10).



104 CHAPTER 2. INTEREST RATES MODELS



Bibliography

[1] K. Back (2005). A Course in Derivative Securities. Springer: Berlin.

[2] T. Bjork. (1998). Arbitrage Theory in Continuous Time. Oxford University
Press: Oxford.

[3] D. Brigo and F. Mercurio (2001). Interest rate Models, Theory and Practice.

[4] R.A. Dana y M. Jeanblanc (2002). Financial Markets in Continous Time.
Springer: Berlin.

[5] R.J. Elliot y P.E. Kopp (1999). Mathematics of Financial Markets. Springer:
Berlin.

[6] F. Klebaner (1998). Introduccién to Stochastic Calculus with Applications.
Imperial College Press: London.

[7] D. Lamberton y B. Lapeyre. (1996). Stochastic Calculus Applied to Finance.
Chapman and Hall: New York.

[8] M. Musiela y M. Rutkowski (1997). Martingale methods in Financial Mod-
elling. Springer: Berlin.

[9] S. Pliska (1997). Introduction to Mathematical Finance: Discrete Time Mod-
els. Blackwell Publisers: Cornwall.

[10] D. Revuz y M. Yor (1999) (Third Edition). Continuous Martingales and
Brownian Motion. Springer-Verlag: New York.

[11] A. Shiryaev (1999). Essentials of Stochastic Finance. World Scientific: Sin-
gapore.

[12] D. Sondermann (2006). Introduction to Stochastic Calculus for Finance.
Lecture Notes in Economics and Mathematical Systems, 579. Springer:
Berlin.

105



