Computation, Analysis and Modelling of Continuous Real-World Problems

Well-posedness; separation of variables; transforms; similarity
solutions; nonlinear equilibria; linear stability;

Separation of variables

We will consider a method for solving the diffusion equation that can be used in
simple cases. Specifically we will look at the case of no heat generation, where p,
¢, and k are constants, the boundary conditions are linear, and the geometry of
the region is particularly simple. The method can be extended in some cases and
these are left as exercises.

The main idea of separation of variables is to seek a solution that is a linear sum
of functions of a separated form. Hence if we look for solutions u(z,¢) to the PDE
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we seek them in the form of a sum of solutions of the type
u(x,t) = X (x)T(t). (1.1)

Furthermore we need the region for the solution to be bounded by surfaces each
defined by one of the independent variables being constant (for Cartesian coordi-
nates this requires regions with boundaries that are stationary eg (r = a, x = b).
In higher dimensions Cartesian coordinates can be used for rectangular region
while different coordinate systems eg cylindrical or spherical regions can be used
for rods and balls). Note that there are problems where other special geometries
allow separation of variables (such as a wedge when studying small water waves)
but these are not encountered very often. Finally the boundary conditions must
be linear and homogeneous (if there are forcing terms at the boundaries then these
need to be removed by finding a suitable particular integral for the problem. Typi-
cally this is done by seeking a steady state solution, independent of ¢, that satisfies
the boundary conditions). For the case here we take

u(0,t) =0 and u(L,t) =0

with initial conditions
u(@,t) = g(x) .

Putting the assumed form (1.1) for the solution into the equation gives us

dT ED. ¢
X— =K

dt dx? r

and we can then separate this equation to find that
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and since each side of this equation is a function of only one independent variable
the two sides much be constant. Hence we write
1dr1 d*X 1 B
kdt T  dx?2 X

V.
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where v is any constant. This gives us two ODE’s for the functions T'(¢#) and X (x)
which in this simple case are

dT d*X
E—VHT—O and E—VX—O. (1.2)

For the boundary conditions to hold we require
X(0)T(t)=0 and X(L)T(t) =0
and since we need T'(t) # 0 in order to avoid the trivial solution u = 0 we require
X(0)=0 and X (L) =0,

This then creates an eigenvalue of problem for X (z) where there are a set of
eigenvalues v;, j = 1,2,... for which there exists eigensolutions X;(z). In this
case we find

X;(z) = sin (I\/—I/j) where v; = —(jm/L)* j=1,2,3,...
Solving (1.2) for T'(t) we find that we can write

u(x,t) = Z A;sin (2jmx /L) exp(—(jm/L)*kt)

j=1

where the A; are constants still to be found. The final step is to satisfy the initial
condition and here we find this requires

g(x) = Z Ajsin (2jmx/L)

J=1

Because of orthogonality conditions satisfied by trigonometric functions this can
be solved using the usual Fourier series methods to find that the coefficients are
given by

A, = E/(; g(x)sin (nwz/L) dx

The method outlined above can be used in other coordinate systems, for different
linear boundary conditions and in each case there is a linear ODE eigenvalue
problem to be solved that may require some numerical approaches in order to find
solutions.

Note that this method gives the solution as a infinite sum of eigenfunctions. In
many cases these are difficult to find, particularly if they need calculating numeri-
cally and so the series is truncated, sometimes to include just the first term! Such
approximations can be very useful, for example, since the first term dominates as
t get large due to the exponential decay of the T'(¢) functions,
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Particular coordinate systems

Note it is often useful to exploit some geometric symmetry of a problem to reduce
the number of dimensions that need to be analysed or to easily define a particular
boundary. Two common examples are cylindrical polar coordinates and spherical
polar coordinates where radial symmetry might be able to be exploited. Note that
in these cases

Cylindrical polar coordinates (r, 0, z)
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and separation of variables in this coordinate system requires analysis of various
Bessel functions. Useful for modelling wires, cables, pipes etc.

Spherical polar coordinates (r, 0, ¢) (beware there are different similar confusing
notations used for these coordinates - here x = rcos¢sinfl, y = rsingsind,
z = rcosf so that # is the polar angle 0 < # < 7, and ¢ is the azimuthal angle
0<¢<2m)

2
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and separation of variables in this coordinate system requires analysis of various
Legendre functions. Useful for modelling bubbles, droplet, particles, the “spherical
cow”, etc.

Note there are just 11 different coordinate systems in which the three dimensional
operator Laplace operator is separable. Cartesian, cylindrical and spherical are the
most common but occasionally others can be useful eg: prolate or oblate spherical
coordinates.

Properties of the heat equation and solution methods

Maximum principle

A very powerful property of diffusion problems can be found by considering the
heat diffusion equation with constant coefficients and no heat generation, in a finite
region, with given initial temperature and given temperature along the boundary
le.

ou d*u
e > < x <
T ﬁ&cg fort >0, 0<x<L



Computation, Analysis and Modelling of Continuous Real-World Problems

with u(0,t) = w,(t), u(L,t) = ur(t), u(z,0) = ug(z). We then find that if we
consider the solution u(z,7) at a time 7 > 0 then this solution is bounded by
the maximum value that occurred either initially or on either the boundary in
the interval 0 < ¢ < 7. Similarly the minimum of u(z,7) is also bounded by the
minimum initially or on the boundary. Specifically

Umin(T) < u(x, T) < Upaz(T) fort>0and 0 <2z <L

where

Umnazr = MAX {Org% ug(x), max u,(t), max uL(t)}

Upnin = MiN {02}61211 uo(x), nin ur(t), Jmin uL(t)} .

This property can be extended readily to multiple spatial dimensions and to more
general diffusion problems and is a useful tool in determining bounds on the solu-
tion. Note that the idea also extends to the steady problem where the solution of
the steady state heat equation is then bounded by the values of the function on
the surface (this is a well known property of Laplace’s equation).

Note that one immediate consequence of the maximum principle is that the
solution to the heat equation is unique. We can show this by contradiction by
considering that there are two different two solutions for u(x,t) given by U(x,t)
and W (z,t). Since each of these satisfies the problem it follows that the problem
for U(x,t) — W(x,t) is

2
oW -—w) _ FU=W)  i50 0<e<L
ot dx?
with U(0,t) — W(0,t) =0, U(L,t) — W(L,t) =0, U(x,0) — W(z,0) = 0. By the
maximum principle it follows that 0 < U(x,7) — W (z,7) < 0 for 7 > 0 so the two
functions are identical and the solution wu(x,t) is therefore unique.

Wellposedness

In studying PDE problems we are interested in determining if the problem is “well-
posed” since we would hope that a model of a physical problem should sufficiently
well defined for the behaviour of the solution to represent the behaviour of the
physical system. Hence we explore whether the PDE problem (the PDE and its
associated region of solution and the specified boundary and initial conditions) is
well posed. One common assessment of wellposedness is consider it in the sense of
Hadamard and to ask the following the three questions
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e Does a solution to the problem exist?
e Is a solution unique?

e Does the solution depend continuously on the problem data (the initial data,
the boundary conditions and any forcing terms)?

The previous section showed one method for determining uniqueness an alterna-
tive method of showing the function ¢(z,t) = U(z,t) — W (z,t) must be zero, and
hence the solution u(z,t) is unique is to use an energy method. Multiplying the
PDE for ¢ by ¢ and integrating over the region 0 < z < L gives, after integrating
by parts and using the boundary conditions,

(’?t (f (6(z, t))de) - —znfoL (%)2@. (1.3)

Since [(¢(z,0))*dzis obviously non-negative and (1.3) implies that it is nonin-
creasing we can use the initial data

/0 (¢(2,0))*dz =0

to conclude that L
| @twnras=o.
0

This then shows how the L, norm of the function is a natural measure in assessing
how close two functions are in this case. The method of separation of variables or
other steps can be use to demonstrate a solution exists.

The final “wellposedness” question is commonly answered using the Ly norm to
measure how sensitive the solution is to the problem data. One simple method of
assessment valid for linear equations is to consider a Fourier representation of the
solution. Hence solving in the region 0 < x < L take

k=400

k=—0c0

Here k is the wave number and indicates one mode of the spatial distribution of
the solution. Putting this into the PDE and using the fact that the Fourier modes,
exp(i2wkx /L), are linearly independent then this indicates that the solution can
be written in the form

k=+o0

— E : Akeﬂwkm/Lezwt

k=—00
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where w must be related to k£ by
iw = k(2wik/L)? — w=—i(2r/L)*k* . (1.4)

and the constants Ax can be determined by initial data. This relation (1.4) be-
tween w and k is called the “dispersion relation” of the PDE. In this case it shows
that all the Fourier modes of the solution will decay as time increases (taking k to
be real the imaginary part of w is negative) except the mode £ = 0 which will re-
main constant in time. Because modes decay the PDE is called dissipative and we
can conclude that small changes to the initial data will result in small (decaying)
changes in the solution. Hence this Fourier analysis indicates that the heat diffu-
sion PDE is well posed (note that this method only considers wellposedness due
to initial data and makes no statement about the wellposedness of the boundary
conditions). Note a problem is not well posed (ie it is illposed) if there are Fourier
modes that grow with time (ie the imaginary part of w is positive for some real
value of k). A PDE which has the imaginary part of w equal to zero for all k is
called conservative.

The energy method can also be use to determine the sensitivity of the solution
to the problem data. The ODE (1.3) for the Ly norm of ¢ shows that if the initial
value of the solution is changed by a small amount (as measured by it Ly norm) then
the later solution will also have a small change. Similarly the method can account
for different boundary conditions and assess their effect on the wellposedness.

When considering the heat diffusion problem on an infinite spatial region it
is necessary to impose conditions at infinity to ensure the solution exists and is
unique. In particular a condition that ensures grow is less than exp 2 is typically
sufficient and unfortunately seldom indicated in many practical problems, so care
should be taken.

Non- linear equlibria and linear stability. An introduction to dynamical systems

The theory and applications of nonlinear differential equations form an im-
portant part of modern nonlinear dynamics. These equations are natural mathe-
matical models of various real-life phenomena, such as population dynamics and
ecology, physiology and medicine, economics and other natural sciences. For this
reason, the study of the stability of such models is extremely important.

One of the first methods to study the stability of zero solution to nonlin-
ear systems is the method of linearization and stability analysis, based on the
stability of the linear approximation system. Such types of work were done in
the second half of the last century, for example [6], [8], [9]. The basic idea is:
“If zero solution of the linear approximation is asymptotically stable, then in a
sufficiently small neighbourhood of the equilibrium, the trivial solution of the
original nonlinear system will be also stable.”
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If the system is asymptotically stable, then it comes to zero equilibrium po-
sition in an infinite time interval. An important characteristic of stability is the
time for which the solution of the system goes into an & neighbourhood of the
origin of the system and will not leave it, this is, ||«(t)|| < e. Using the obtained
convergence estimate, it is possible to find the time for which the solution of the
system from a position x(tg) falls into the & neighbourhood of the zero position.

For systems of linear stationary differential equations
x'(t) = Az(t), t>1o, (1)

where A is an n x n constant matrix, the estimates of the above type were
obtained in [3]. In order to formulate the results obtained there, we introduce
the notations associated with the Lyapunov matrix equation

ATH+ HA=—C. (2)

If the matrix A is asymptotically stable, then for any positive definite n x n
matrix C there exists a unique solution to (2). Such a solution is a positive
definite 7 x n matrix H, see in [4]. Matrices C' and H from the Lyapunov matrix
equation (2) play an important role in estimating the convergence of solutions to
an equilibrium. Namely, the following estimate of the exponential convergence
of solutions to linear system (1) is derived in [4]

|z (t)|| < [@(H) |z (to)||] e~z HEto), (3)
where
_ )\max(H) - )\min(c)
A w7 M w5 v

Amax(-) and Apin(-) denote the largest and smallest eigenvalues of the corre-
sponding symmetric matrix, and

l()[ =

denotes the vector norm.

In this paper we deal with nonlinear systems in order to estimate the conver-
gence of their solutions to stable singular points. The stability domain of the zero
equilibrium of the systems of nonlinear differential equations with quadratic part
and a fractional part is estimated. As a method of investigation such systems,
the second Lyapunov method with quadratic Lyapunov functions is used [2].
The second Lyapunov method using the Lyapunov function of Lurje-Postnikov
type was used in [5] to obtain an estimation of a solution to a control equation
with nonlinearity of a sector form.

It should be noted that the Lyapunov function in quadratic form is determined
by a symmetric, positive definite matrix H, which is the solution to the Lyapunov
matrix equation (2) in the case, when the matrix A in the linear part of nonlinear
system is a constant matrix.



Computation, Analysis and Modelling of Continuous Real-World Problems

Systems with the quadratic right-hand side

In this section we consider systems with special form of nonlinearity, namely;,

systems with the quadratic right-hand side, written in a vector-matrix form [1,
4, 7],

7' (t) = Az(t) + XT(t) Bx(t), (6)

: . T .
where A is an n x n constant matrix, B = (B, B»,...,B,)", B;,i =1,2,...,n
are n X n constant matrices,

/ bll 12 - bln \
21 22 e 2n
Bi = )
\ bnl n2 bnn’/

and X7 = (X1(t), Xa(t),..., Xn(t)), Xi(t),i = 1,2,...,n are n x n matrices
in which only the i-th row is nonzero,

x1(t) wa(t) Zn(t) 0 0 0
0 0O ... 0 0 0 0
xi=| . _— s Xa@)=
0 0o ... 0 x1(t) x2(t) ... xn(t)

Recall that if the matrix A of the linear part in (6) be asymptotically stable,
that is, all its eigenvalues have negative real parts, Re\;(4) < 0,i = 1,...,n,
then, as follows from the stability theory of linear approximation, the zero solu-
tion of the corresponding nonlinear system is also asymptotically stable.

The following form of matrix norm will be used in our considerations
Al = 4/ Amax(ATA). (7)

THEOREM 2.1. Suppose that the matriz A in (6) is asymptotically stable. Then
the trivial solution to (6) is asymptotically stable. Moreover, the domain

Gy, = Elfgc{GT: G, C Gy}, (8)

where

Ain(C)
G, = :EER”:ITHQC<7"2, GO_{ggeR"; T <L}}
{ } ol < STaTTB]

is the domain of stability.
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Proof. We calculate the total derivative of the Lyapunov function in the qua-
dratic form, V (z) = 27 Hx, along the trajectories of system (6)

dV(x(t))
dt

Taking into account (2), equation (9) can be rewritten into the form

dV(x(t)) T T r
———= =" ([0~ (B"X(O)H + HX" (1) B)]a(t).

Therefore, the stability domain is the interior of the level surface of the Lyapunov
function, which lies within the domain

Go={zeR":C-B"XH-HX"B > 0},

=2 (t)[(ATH + HA) + (B"X(t)H + HX"B)|x(t).  (9)

where © denotes the zero matrix, and the expression inside denotes that the rele-
vant matrix is positive definite. Since, in view of the vector and matrix norms

defined by (5) and (7), we have || X (¢)|| = ||=(t)||, thus the total derivative of the
Lyapunov function can be estimated as
dV(x(t))
dt
Therefore, if the inequality

< = [Pin(C) = 2[H[ | B 2@l l= (). (10)

/\min(c)
IOl < SraTT3]

is satisfied, then the total derivative of the Lyapunov function is negative. [

REMARK 2.2. Obviously, to obtain the "maximum” domain of stability, the
sphere G should have the radius
)\min(c’)

R=_—r0w—=
2l H][ 1B
and the r should ”stretch” as long as the ellipse 7 Hz = r? touches the sphere.

THEOREM 2.3. Suppose that the matriz A in (6) is asymptotically stable. Then
for any solution to (6) satisfying the initial condition

(O < g (1)
the following estimate
()] < V(H)||z(0)]] (12)

[y(H) = 2|| Bl o(H) ||z(0)|| ] 27 4 2| Bl (H)||z(0)]]

for the convergence of solutions to the zero singular point holds.
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Proof. The total derivative of the Lyapunov function V(x) = z7 Hz along
trajectories of system (6) is given by (9). Since for V(x) two-sided inequality,

Amin (H) [[2]1* < V(@) < Amax(H)||2]1%, (13)
is satisfied, then the estimate (10) of the Lyapunov function can be rewritten as
dV(x(t)) Amin(C) V3 (2(1))

— = < ——=V(x(t 2 max(H) || B|| ———,

or, taking into account (4), we get

VLD < Vet + 201 2D

Dividing by V2 (z) and denoting

1

| VTE(x(t) = 2(1), .
we obtain
d(t) p(H)
—2——> < —y(H)z(1) + 2”B“m’
and from here
52 pono - R

Solving the inequality by analogy with a linear nonhomogeneous equation,
we have

=@ > |2(0)—2—ElelD ]e%“*“fm 1Ble(H)

V(H)\/Amin(H) Y(H)\/ Ain(H)
Since (14), we get

V=3(x(t) > | VI (2(0) -

| Bllp(H)
7(H) )\min(H)

aion g IBIeUD | some,,  IBletD Y
V72(x2(0)) -2 ] +2 H))'

'}’(H) \Y4 /\min(H) ’Y(H) )\min(

Consequently, using two-sided inequality (13), we obtain

|Bllg(H)
7(H) ’\min(H)

b

] B%Y(H)t+2

or

VE(z(t) > (

Vi) e (0)] < 1)y Auia () [=(0)]

(v(H) = 2||Blle(H) ||z (0)]|)e2 ) + 2|| Bllp(H)||z(0)]

Therefore, any solution z(t) to (6) satisfying the initial condition (11) under the
assumption z(0) € G, is estimated by (12). O
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REMARK 2.4. In applications one can find nonlinear systems with a quadratic
part in the form

j=1

where a;,b;; € RY, i,j=1,2,...,n.
If we denote A = diag(aqy,as,...,a,), B = (B, Ba,.. .,Bn)jz B;,i=1,2,....,n
are n X n constant matrices in which only the i-th column is nonzero,

0 ... bpo ... 0O
0 ... b ... 0
Bi=1| . A I
0 ... by ... 0O
and X7 as in system (6), then system (15) can be written in the form
2’ (t) = —Azx(t) + XT (t) Bx(t). (16)
Since a; > 0,7 = 1,2,...,n, all eigenvalues are negative, which means that the

trivial solution to (15) is asymptotically stable, and the result of Theorem 2.3
can be applied to estimate solutions to system (16) as well as (15).

The second singular point zq = (29,29,...,22)T to system (16) is solution
to algebraic system
B(}.’E = a, (17)
where
bin bz ... bin
bgl 522 . bzn T
BO: : : . : ,  a= (alaQQw“aan) s
b’ﬂ.l bn2 PP bnn

under assumption that det By # 0.

Then, using substitution y(t) = z(t) — x¢, we obtain the transformed system
with the zero equilibrium in the form

y'(t) = Ay(t) + YT (1) By(t), (18)
where
bllm{l} blgl’? e blnx{l)
}I _ bglﬁ’,‘g bzgl‘g Ce bgnl‘g
bnlxg bngxg - l71,,,na*:fr)1

If the matrix A is asymptotically stable, then the result of Theorem 2.3 can be
applied to estimate solutions to system (18) as well as (15).
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ExAMPLE 2.1. We illustrate the result obtained on a scalar equation
o' (t) = —ax(t) + bxz*(t), a,b> 0. (19)
Since A = —1, the trivial solution to equation (19) is stable. Any solution to (19),
satisfying the initial condition x(0) = z¢, can be determined by the formula
0 —at
2(t) = ax(0)e |
a—bx(0) [l — e—at]

To estimate these solutions in a neighbourhood of the trivial solution, we take the
Lyapunov function in the form V(z) = 22. So, H = 1, Amin (H) = Amax(H) = 1,
C =1 ¢H) =1, v(H) = 2a. In accordance with the result of Theorem 2.3,
convergence to the zero singular point of any solution to (19), satisfying initial
condition 2(0) < %, is estimated as follows

az(0)

z(f) < [a — bxz(0)] et + ba(0)

As a result, the exact solution to equation (19) coincides with the obtained
estimate, using by quadratic Lyapunov function.

It should be noted, the second equilibrium = = ¢ of equation (19) is unstable.

REMARK 2.5. Interesting results of estimating the convergence of solutions to
the zero singular point using the Lyapunov function can be obtained for the

planar system with the quadratic right-hand side, this is, for system
21 (t) = anwa(t) + arawa(t) + b1, 27 (2) + 2bipa122 + byya(t), (20)
25(t) = an @1 (t) + azewa(t) + b1, 27 (1) + 2bT52 120 + b5 (8).

Using notations

ailr ai2 b%l b%Z b%l b%? T
A:( )a Blz 3 BZZ ; B:(BlaBQ)
421 22 b1y bay by b3,
system (20) can be rewritten into the vector-matrix form (6). Under the as-
sumption that Re A; 2(A) < 0, Theorem 2.3 can be applied to estimate solutions

to (20). Thus, the total derivative of the Lyapunov function along trajectories
of system (20) can be estimated as in (10), where

1
[HI| = Amax(H) = 3 (hn + haa + \/(hn — h22)? + 4h%2) ,

1

Amin(c) = 5 (611 + C22 — \/(611 - 622)2 + 40%2) .

IB]| = Awax(B" B).
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Therefore, in view of (8), the interior of the ellipse

)\min (C)

hllxz + 2h12$y + h}22’92 < ?,,2’ o = S n o0
’ 2l =] 1B

is the guaranteed domain of stability.
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