Computation, Analysis and Modelling of Continuous Real-World Problems

Lax—Friedrichs method; CFL condition; finite-volume methods.

* We will use the LaxFriedrichs fluxes evaluated in WENO (Weighted Essentially Non-
oscillatory) method

The Lax-Friedrichs Sweeping Schemes in One
Dimension

1 One-dimensional scalar problems

we consider the one-dimensional scalar steady state problem
flu), = s(u,z), z€la,b] (1)

subject to an initial guess and appropriate boundary conditions.

To obtain a numerical scheme, the interval is first discretized uniformly into
N cells, and the grid points are denoted by {z; };,",-‘*T:U, where z; = a + jAr,j =
0---,N and Az = (b —a)/N. The midpoint of a cell is defined as z,,1 =

j
(zj+xj+1)/2,j =0,--- ,N = 1. The numerical approximation of u on the grid
points x; are denoted by u;,j =0,--- ,N. A conservative finite difference type

discretization of Eq. (1) can be written as

fj+§—fj—§,

L = (g, 2;), 2)

-

in which fj:l:é represent numerical fluxes approximating the fluxes at Tigh
fioi—fi_1
The order of the numerical scheme thus depends on the order that iﬂﬁl

approximates f(u;).

Our goal is to design a Gauss-Seidel type iterative scheme, based on Eq. (2),
which can accelerate the speed to compute steady state solutions of hyperbolic
equations.
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1.1 A framework: a first order Lax-Friedrichs sweeping method

We substitute the numerical fluxes in Eq. (2) by the first order Lax-Friedrichs
fluxes

frey = 5(r) +f(u3+1))—%(uj+1—ﬂj) 3)

where o = max; {|f'(u;)|}.7 = ,N. This leads to the discretization for-
mula

E(f(uj-l—l) — fluj-1)) — %(uj+l = 2u; +u;—1) — Azs(uy, z;) =0,

and equivalently,

1

uj = (-1 +ujp) + é(ﬁﬂ?ﬂ(ujsﬁ'?j) - %(f{uj+l) — f(u;-1)))-

If we denote the iteration step by n, with n = 0 corresponding to the initial
guess, a simple update formula would be

W = g 4 ) + > (Aas(uf,2) = 5 (f(ue) = Fugm)). (4)

The superscripts of 4, and u;_; on the right-hand-side of Eq. (4) are not
specified because they depend on whether the numerical solutions are updated
from left to right or from right to left, which we call the sweeping direction.

1'1+1

it and

If the sweeping direction is from left to right, then we take u;_; = u;
uj1 = ui, ;. The formula becomes

uj = (ﬂ”+1l+ﬂ;,+1 + (ﬁ-’f“i(u  25) = (f(uj+1 - ().

n+1

If the sweeping direction is from right to left, then u;_; = u}_, and u; 41 = u;

will be used, and T

1

n+1l n+1 7 n+1 T

U, N ‘(“3 1t u_?:l )+ E(&-TS(UJ' ,Tj) = (f(“;L ) = f(uj_y))).
These updating formulas are essentially Gauss-Seidel iterations because the

point values are computed using newly updated neighboring values. Our sweep-

ing method is simply to update point values by Eq. (4), with alternating sweep-
ing directions to achieve a faster convergence rate.
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1.2 A review of construction of high order finite difference WENO
fluxes

To develop a higher order sweeping method, one needs high order numerical
fluxes in Eq. (2). In this section, we briefly review the construction of numerical
fluxes for high order finite difference WENO schemes, and the same construction
will be used in our scheme, presented in the next section.

Consider a scalar hyperbolic conservation law in one dimension
ug + f ('u').r =0

with a positive wind direction f’(u) > 0. The spatial derivative is approximated
by a conservative flux difference

F(Welems, 5= (Fre = Fimy)

when a uniform discretization with mesh size Az is used. The numerical flux
Fit 1 is computed through the neighboring point values f; = f(u;). For a
(2k — 1)th order WENO scheme, we first compute k numerical fluxes

l—1
A(r) = > : . —_— - = ow —
fisy = Y crifirri T=0,000 k=1,

=0

corresponding to k different candidate stencils S,(j) = {z;—r.- - ,Zj—rsk—1}
r=10,---,k—1. Each of these numerical fluxes is kth order accurate. For ex-
ample, when k& = 2 (third order WENQ scheme), the two second order accurate
numerical fluxes are given by

2(0 1 1

;+}% = gfit5fi+,
~(1) 1 3
fiir = —zfhint 5l

The (2k—1)th order WENO flux is a convex combination of all these & numerical
fluxes

fry =2 wf?y.

The nonlinear weights w, satisfy w, > 0, Zf;& w, = 1, and are defined in the

following way

0, d,
Wy = —F]7—"7, 0= ——"H—.
D ST (S

Here d, are the linear weights which yield (2k — 1)th order accuracy, 3, are
the so-called “smoothness indicators” of the stencils S,.(j), which measure the
smoothness of the function f(u(z)) in the stencils. The constant € is a small
number used to avoid the division by zero and is typically taken as 10=°. For
example, when k = 2 (third order WENO scheme), the linear weights are given
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2
dp = 3

and the smoothness indicators are given by

Bo=(fir1—=1fi)? Bu=(fi—fi-1)*

The procedure for the case with f'(u) < 0 is mirror symmetric with respect to
i+ 3.

The Lax-Friedrichs numerical flux is constructed through splitting the fluxes
into positive and negative fluxes

1
d1=§f

F4(w) = 5 (/) + aw)

where a is taken as a = max,, |f'(uz)|. The WENO procedure is applied to f*
individually with upwind biased stencils. Depending on whether the maximum

is taken globally or locally, such schemes are referred to as the Lax-Friedrichs
WENO scheme or the local Lax-Friedrichs WENO scheme.

1.3 High order Lax-Friedrichs WENO sweeping method

As introduced in Section 1.2, high order numerical fluxes fj +1 can be con-
structed through WENO procedure, and here we use Lax-Friedrichs WENO
fluxes to obtain the high order sweeping method.

First, we define

o , .
i+t =iy g —wy), j=0.--- . N-1 (5)

where fj 41 is the original high order Lax-Friedrichs flux. The newly defined
flux retains the form of Eq. (3) by subtracting the diffusion term explicitly,

which allows us to formulate the itierative scheme. The discretization formula
then could be written, in terms of f; 1, as

Thus, we obtain the iterative scheme

1 L j :
ut! = E(Uj—l +uj1) + o (‘ﬁms{“?li“j) = fj+y = J5- )) ' ()



Computation, Analysis and Modelling of Continuous Real-World Problems

As in the first order sweeping method, the iterations will take alternating direc-

; . . . ; = yttl =T
tions: If we sweep from left to right, then uj—1 =u; 'y and ujp =uiy,
i we sw ; o —.am |
are used; if we sweep from right to left, u;_, = ul_y and uj = uyly are used.

Upon the convergence of the iterations, high order accuracy will be achieved
due to the use of high order numerical fluxes. The WENO construction of the
numerical fluxes guarantees essentially non-oscillatory properties of the numer-
ical solutions around discontinuities.

1.4 Convergence of the Lax-Friedrichs fast sweeping method

Generally, it is very difficult to study the convergence properties of the high order
sweeping methods proposed in Section 1.3 due to its nonlinear nature. The
analysis of the first order linear Lax-Friedrichs sweeping method for nonlinear
hyperbolic equations is also limited because the numerical operators are also
fully nonlinear. To gain some insights of the convergence properties with respect
to different choices of o, we perform the analysis on the simplest linear steady
state equation:

u, =1, xe€l0,1], (8)

with the boundary condition u(0) = 0. Although at x = 1, one does not need a
boundary condition, numerical boundary conditions are still required, and here
we use linear extrapolation at the right boundary.

Let us denote by superscript + the sweep from left to right, and — the
sweep from right to left. We also denote the solution by a vector notation
u” = (uf,--- ,uR,)T with superscript n representing the number of iterations.
If we further denote % - % by a and % + % by b, then after two alternating
iterations the sweeping method can be formulated by

ALt = Bo(u")” +C. 9)
and
A (un+2)— — B_(un+l)+ + C, (1[])
where B _
1 0o - . . - 0
- 1 - . . . .
0 —=-b 1
Ay = : : ,
-b 1 0
0 =b 1 0
| 0 0 a-b 1-2a |
[0 a : 0]
0 0 a
- 0 a
B, = . ],
0 a 0
0 a
| O . 0 0 |
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1 —a - - 0
0 1 =—a
0 0 1 =a
A= - ,
1 —a 0
0 1 —a
0 0 0 1-2a |
o0 - - - - 0]
b 0 -
b 0
B = .o : :
b 0 0 0
- - - - b 0 0
Lo - - - - b=a 0]
and C' = (% %, ,%)T.
Thus, the update formula becomes
(") = (A4)7' By (u")” + (A4)7'C (11)
and
()" = (A0) B (W) + (40)7C, (12)

Combining the above two formulas, one obtains after one complete sweeping:
(W)~ = (A1) B_(A4) 7 By (u")~+(4_) ' B_(44)"'C+(A-)"IC. (13)

Convergence of the iterative scheme (13) is guaranteed for any fixed N if the
spectral radius p ((A_)_IB_(A+)_IB+) is strictly less than 1. Since it is diffi-
cult to analyze theoretically the spectral radius of the iteration matrix , we pro-
vide the numerical evaluation of the spectral radius for N = 100 and N = 200,

with the value of o varied from 1 to 20 with increment 0.1. It can be seen from
Fig. 1 that the spectral radius is always less than 1, but increasingly approaches
1 as o becomes larger, and it decreases rapidly as o is close to 1. Notice that
in the scheme we implemented numerically the optimal choice o = 1 as showed
in Eq.(3) to have rapid convergence. Choice of larger ¢ may result in more
iterations.
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Figure 1: Spectral radius of the iteration matrix in Eq. (13), with o varied from
1 to 20 and incremented by 0.1.

2 One-dimensional system problems

For one-dimensional systems
f(u), =s(u,z), =z € la,b

where f,s and u are vector-valued functions in R™, we use the same iterative
formula but perform local characteristic decomposition for numerical flux
construction, which is more robust than the component-by-component eval-
uation. The flux reconstruction procedure is described as follows. First we
compute an average state u;, 1 between u; and u;,, using either the simple
arithmetic mean or a Roe’s average The right eigenvectors r,,, and the left
eigenvectors 1,,, of the Jacobian f’ (u; +%) are needed for the local characteristic
decomposition. The WENO procedure is used on

vi= R_lfii, for 2 in a neighborhood of 7,

1

where R = (ry,--- ,r,) is the matrix whose columns are the right eigenvectors
of f'(u, %). The numerical fluxes ‘A’i; thus computed are then projected back
2

J
into the physical space by left multiplying with R, yielding finally the numer-
ical fluxes fji% in the physical space. Finally, the grid values u; are updated
component-wisely by formula (7).
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Courant—Friedrichs—Lewy condition (CFL Condition)

In mathematics, the convergence condition by Courant—Friedrichs—Lewy is a necessary
condition for convergence while solving certain partial differential equations (usually
hyperbolic PDEs) numerically. It arises in the numerical analysis of explicit time integration
schemes, when these are used for the numerical solution. As a consequence, the time step
must be less than a certain time in many explicit time-marching computer simulations,
otherwise the simulation produces incorrect results. The condition is named after Richard
Courant, Kurt Friedrichs, and Hans Lewy who described it in their 1928 paper.

Heuristic description

The principle behind the condition is that, for example, if a wave is moving across a discrete
spatial grid and we want to compute its amplitude at discrete time steps of equal duration,
then this duration must be less than the time for the wave to travel to adjacent grid points. As
a corollary, when the grid point separation is reduced, the upper limit for the time step also
decreases. In essence, the numerical domain of dependence of any point in space and time (as
determined by initial conditions and the parameters of the approximation scheme) must
include the analytical domain of dependence (wherein the initial conditions have an effect on
the exact value of the solution at that point) to assure that the scheme can access the
information required to form the solution.

Statement

To make a reasonably formally precise statement of the condition, it is necessary to define the
following quantities:

o Spatial coordinate: one of the coordinates of the physical space in which the problem
1s posed

o Spatial dimension of the problem: the number of spatial dimensions, 1.e., the number
of spatial coordinates of the physical space where the problem is posed. Typical
values are n=1, n=2 and n=3

o Time: the coordinate, acting as a parameter, which describes the evolution of the
system, distinct from the spatial coordinates

The spatial coordinates and the time are discrete-valued independent variables, which are
placed at regular distances called the interval length and the time step, respectively. Using
these names, the CFL condition relates the length of the time step to a function of the interval
lengths of each spatial coordinate and of the maximum speed that information can travel in
the physical space. Operatively, the CFL condition is commonly prescribed for those terms of
the finite-difference approximation of general partial differential equations that model the
advection phenomenon.

The one-dimensional case

o For the one-dimensional case, the continuous-time model equation (that is usually
solved for w) 1s
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ow ow

_:u_

ot or

form:

The CFL condition then has the following

u At
C=——<0Cpu
Ax — -

e where the dimensionless number C is called the courant number, u is the magnitude

of the velocity (whose dimension is length/time) At is the time step (whose

dimension is time) Az is the length interval (whose dimension is length).

The value of Crnax changes with the method used to solve the discretised equation,
especially depending on whether the method is explicit or implicit. If an explicit (time-

C

‘max =] Implicit (matrix) solvers are usually less

G

marching) solver is used then typically

sensitive to numerical instability and so larger values of ~" 4% may be tolerated.

The two and general n-dimensional case

In the two-dimensional case, the CFL condition becomes

i At
C - ta At + u’.!;f S Cmn.x

Az Ay . . :
with the obvious meanings of the symbols
involved. By analogy with the two-dimensional case, the general CFL condition for the n
dimensional case is the following one:

n u.r,-
C=At (Z A ) < Cumx-

- {ILi
- The interval length 1s not required to be the same for

Az;,i=1,...,n

each spatial variable ~ This "degree of freedom" can be used to
somewhat optimize the value of the time step for a particular problem, by varying the values
of the different interval to keep it not too small.

Finite volume method
The finite volume method (FVM) is a method for representing and evaluating partial

differential equations in the form of algebraic equations. In the finite volume method, volume
integrals in a partial differential equation that contain a divergence term are converted to
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surface integrals, using the divergence theorem. These terms are then evaluated as fluxes at
the surfaces of each finite volume. Because the flux entering a given volume is identical to
that leaving the adjacent volume, these methods are conservative. Another advantage of the
finite volume method 1s that 1t is easily formulated to allow for unstructured meshes. The
method is used in many computational fluid dynamics packages. "Finite volume" refers to the
small volume surrounding each node point on a mesh.

Finite volume methods can be compared and contrasted with the finite difference methods,
which approximate derivatives using nodal values, or finite element methods, which create
local approximations of a solution using local data, and construct a global approximation by
stitching them together. In contrast a finite volume method evaluates exact expressions for
the average value of the solution over some volume, and uses this data to construct
approximations of the solution within cells.

Example

Consider a simple 1D advection problem:
dp Of
— 4+ —==0, t=0. 1
ot Oz ' - (1)

Here, p = p (.‘.'.', t) represents the state variable and f =f [p {J:, t)) represents the flux or flow of p. Conventionally, positive
f represents flow to the right while negative f represents flow to the lef. If we assume that equation (1) represents a flowing
medium of constant area, we can sub-divide the spatial domain, x, into finite volumes or cells with cell centers indexed as i

For a particular cell, , we can define the volume average value of p; (t) = p(z,t) attime t = ¢, and z €

I, 1,T, 1].&5

i-g ' ity
e

n-(t = e—— 2 i d

P.(]) ./; p(I, 1) I, (2)

and at time £ = o as,

_ 1 Terd
pi (t2) = ﬁf ? p(z,1) da, (3)

. . 1
i+ i-=
2

1
2

«th
where wi—l and :B:'—l represent locations of the upstream and downstream faces or edges respectively ofthe it cell.
2 2

Integrating equation (1) in time, we have:

Iz
p(m.tg)—ﬂ(%h)—/ fr (a:‘t) dt, (4)
4]
where f, = %

y 2.

To obtain the volume average of p (z,t) at time £ = &5, we integrate p (z, ;) over the cell volume, [:r_ ] and divide

|-
b=

the result by Az; = x, T 1,le

1
b — i
2

i (t) = Aif {p(x,n)—fhzﬂ(r,tmdt}dm. .

i—=
2
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We assume that f is well behaved and that we can reverse the order of integration. Also, recall that flow is normal to the unit
area of the cell. Now, since in one dimension f, Ay. f we can apply the divergence theorem, ie. fv . fd'u = % de,
v §
and substitute for the volume integral ofthe divergence with the values of f{:c) evaluated at the cell surface (edges T, 1 and
2

JBH_l ) ofthe finite volume as follows:
2

t L
put)=p ) - o ([ St [T g sar). ®

it

where fi:% = f(Iid:%‘t)'
We can therefore derive a semi-discrete numerical scheme for the above problem with cell centers indexed as %, and with cell

o1
edge fluxes indexed as i = — by differentiating (6) with respect to time to obtain:

dp; 1
IWL—AII_ [fH% —fi_%} =0, (7

where values for the edge fluxes, -f,-tl . can be reconstructed by interpolation or extrapolation of the cell averages. Equation

2
(7) is exact for the volume averages; i.e., no approximations have been made during its derivation.

This method can also be applied to a 2D situation by considering the north and south faces along with the east and west faces
around a node.

General conservation law

We can also consider the general conservation law problem, represented by the following PDE,

%+V-f(u)=0. (8)

Here, u represents a vector of states and f represents the corresponding flux tensor. Again we can sub-divide the spatial
domain into finite volumes or cells. For a particular cell, #, we take the volume integral over the total volume of the cell, v;,
which giwves,

/@du+/v-f(u)dv=0. (9)
v Ot ‘

v

On integrating the first term to get the volume average and applying the divergence theoremto the second, this yields
Ui—-{—f f(u)-ndS =0, (10)

where S; represents the total surface area ofthe cell and n is a unit vector normal to the surface and pointing outward. So,
finally, we are able to present the general result equivalent to (8), 1.e.
du; 1 f
—+— ¢ f(u)-ndS=0.
FrE A (u) (1)
Again, values for the edge fluxes can be reconstructed by interpolation or extrapolation of the cell averages. The actual

numerical scheme wil depend upon problem geometry and mesh construction. MUSCL reconstruction is often used in high
resolution schemes where shocks or discontinuities are present in the solution.

Finite volume schemes are conservative as cell averages change through the edge fluxes. In other words, one cell's loss is
another cell's gain!
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