Computation, Analysis and Modelling of Continuous Real-World Problems
Interior point methods; penalty methods; augmented Lagrangian; SQP;
Choosing/devising the right solver.

Interior-point method

Interior-point methods (also referred to as barrier methods or IPMs) are a certain

class of algorithms that solve linear and nonlinear convex optimization problems. An

interior point method was discovered in 1967 and reinvented in the 80s. Still in the

80s, a nother methed was developed, a method for linear programming called

Karmarkar's algorithm, which runs in provably polynomial time and is also very

efficient in practice. It enabled solutions of linear programming problems that were
beyond the capabilities of the simplex method. Contrary to the simplex method, it

reaches a best solution by traversing the interior of the feasible region. The method

can be generalized to convex programming based on a self-concordant barrier

function used to encode the convex set. Any convex optimization problem can be

transformed into minimizing (or maximizing) a linear function over a convex set by

converting to the epigraph form. Karmarkar's breakthrough revitalized the study of
interior-point methods and barrier problems, showing that it was possible to create an

algorithm for linear programming characterized by polynomial complexity and,

moreover, that was competitive with the simplex method. The class of primal-dual
path-following interior-point methods is considered the most successful. Mehrotra's

predictor—corrector algorithm provides the basis for most implementations of this

class of methods.
Primal-dual interior-point method for nonlinear optimization

The primal-dual method's idea is easy to demonstrate for constrained nonlinear optimization. For smplicity,
consider the all-inequality version of a nonlinear optimization problem:
minimize f(z) subjectto ¢;(z) > Ofori=1,...,m, z € R",where f: R" = R,¢; : R" = R (1).

This inequality-constrained optimization problem is then solved by converting it into an unconstrained objective
function whose minimum we hope to find efficiently. Specifically, the logarithmic barrier function associated with (1)
IS
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m

B(x,u) = f(z) — p ) log(ei(z)). (2)
i=1

Here pt is a small positive scalar, sometimes called the "barrier parameter”. As g converges to zero the minimum
of B(z, yt) should converge to a solution of (1).

The barrier function gradient is

1

ci(z)

01( 1) == VB, 1) = 9(2) — 1> ——Vei(a), (3)
i=1

where g(z) := V f(z) is the gradient of the original function f(z), and V¢; is the gradient of ¢;
In addition to the original ("primal) variable x we introduce a Lagrange multiplier-inspired dual variable A € R™
)\ =p,Vi=1,...,m. (4)

(4) i1s sometimes called the "perturbed complementarity” condition, for its resemblance to "complementary
slackness” in KKT conditions.

We fry to find those (z,, A, ) for which the gradient of the barrier function is zero.
Applying (4)to (3), we get an equation for the gradient:

g—ATA=0, (5)
where the matrix A is the Jacobian of the constraints ¢(z).

The intuition behind (5) is that the gradient of _f(:c) should lie in the subspace spanned by the constraints'

gradients. The "perturbed complementarity” with small ;& (4) can be understood as the condition that the solution
should etther lie near the boundawq(m) = (), orthat the projection ofthe gradient g on the constraint
component ¢; () normal should be almost zero.

Applying Newton's method to (4) and (5), we get an equation for (z, A) update (pz,p)):
(i e ) ()= (Gated)
AA  C ) pl —Cx )’
where W is the Hessian matrix of B(xz, u), A is a diagonal matrix of A, and C' is a diagonal matrix with
Cii = ¢i(z).
Because of (1), (4) the condition
A= 0

should be enforced at each step. This can be done by choosing appropriate a:

(z,A) = (z + apz, A + apy).

4 0o

Trajectory of the iterates of x by using the interior point method. &
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Penalty Methods

Problem Setup

Many times we have the constrained optmization problem (P):

min f ()

TES
where f : R™ — R is continuous and § is a constraint set in R™.

‘We introduce the Penalty program, (P(c)), the unconstrained problem:

min f(z) + ep(z)

where ¢ > 0 and p : R* — R is the penalty function where p(z) > 0V z € R", and p(z) =0 iff z € S.

Intuitively, the penalty term is used to give a high cost for violation of the constraints.

cP (x)
A =1

» X
d
Inequality and Equality Constraints
For example, if we are given a set of inequality constraints (i.e. S = {z : g;(z) <0,i=1,2,...,m}), a useful

penalty function could be p(z) = % > (max|0, gi(:r;)])z. That is, if we satisfy the constraint, we don’t take
any penalty. Otherwise we take a squared penalty. Depending on ¢, we weight this penalty in (P(c)). For
equality constraints we can rewrite them as inequality constraints and use them as above. That is, rewrite
hj(z) = 0 as two inequality constraints, hj(z) <0 and —h;(z) <0.

For large ¢, the minimum point of a problem (P(c)) is in a region where the penalty p is small. In fact, we
will prove below that as ¢ — oo, the solution of the penalty problem (P(c)) will converge to a solution of
the constrained problem (P).

Penalty Method Lemmas

Let 0 <y <e2 < ... < < €ky1 <...— 00 be our penalty parameter. Let g(c, k) := f(z) + ep(z) be our
penalty program. Also, let z;, = argmin, g(ck, z) = argmin_, f(z) + cip(z).

With this notation, we will prove the following for penalty lemmas:
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L. q(ek, or) < qlcrs1, Thtr)
2. p(zr) = p(zrs1)
3. flxr) < fl@rgr)

4. f(z*) 2 qlek, xk) > f(zk)
Below, we provide proofs of each of the above lemmas.
Lemma 16.1 g(ck,zk) < ¢(Crt1, Tis1)

Proof:

q(cks1, Try1) = f(Trg1) + chp1p(Trga)

> f(@r41) + cp(Tr+1) (v ers1 > ¢ > 0)
> f(zg) + cip(zgsr) (. zp is the minimizer of g(cg, z))
| q(ce+1, Te+1) = qlcx, 7x) ‘ (. q(e, zhr = f(ax) + ckp(Tht1))

Lemma 16.2 p(z),) > p(z1+1)

Proof:

fzxr) + cxp(zy)
florer) + cerap(argr)

< f(zrs1 + cxp(Trir) (. o, is the minimizer of q(cg,x)) (16.1)
<f

(zx) + crr1p(z)) (. Zg41 is the minimizer of g(cg4+1,7)) (16.2)

Adding [Equation 16.1] and [Equation 16.2]together, we get

ckp(z) + ey p(zr41) < exp(Trsr) + crra1p(ar)
= (cry1 — cx)P(The1) < (€ks1 —ex)p(z)

cop(zesr) < plxg) (" eps1 > e = crr1 —cp > 0)
Lemma 16.3 f(zx) < f(2)41)
Proof:
f(@rs1) + eep(zrin) = f(zr) + crp(zi) (. zx is the minimizer of g(cg, x))
> flzr) + cxp(zraa) (.- Lemma

[ F@rn) > f(e)|
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Lemma 16.4 Let z* be the optimal value of our original constrained problem (P) with constraint set S.
Then, f(z*) > q(cry1,Trq1) = fzr) Vk.

Proof:

f(&®) = f(7) + erp(z7) (C2" €S =px’)=0)
> flzy) + cep(zr) = flxr) (" z) is the minimizer of g(cg,x), and cx > 0, p(zx) = 0)

[ 7G") > qlcrsr, zrp1) > flan) VK]

Convergence of the Penalty Method

Using the lemmas developed in we prove the Penalty convergence theorem.

Theorem 16.5 Suppose f,qg,p are continuous functions. Let xj = argmin_ f(x) + cxp(z) for a penalty
function p(x) as defined in|subsection 16.1.1 Let 0 < c¢; < co < ... < c¢p < sy < ... —+ 00. Let T be an
arbitrary limit point of {x}732,.

Then, T solves (P) where (P) is the original constrained problem min f(z) s.t. g(z) <0.

Proof: The limit point is defined as = = 1111% T.
o€

Since f is given as continuous, then Il\m’% f(zx) = f(Z). We then get,
c€

*=1i . Tk) < f(z* % Z
q 31:1611'}: q(cr, i) < f(27) (. Lemma [16.4)
= ¢" = lim f(zy) + lim epp(zr) < f(2¥)
zeK ze
= ¢ = f(7) + lim eup(an) < 1(2")

= ¢ — f(Z) = lim exp(zx) < f(z*)
zeK

Since ¢* — f(Z) and f(z*) are finite which means lim,cx ¢xp(z) has to be a finite quantity. Since we know
that ¢ — oo, p(xx) — 0. This means that p(Z) = 0, which from the definition of p tells us that 7 € S where
S is our constraint set.

Frequently used penalty functions

1. Polynomial penalty: p(z) = Y.~ [max{0, g;(x)}]?, ¢ > 1

i=1
(a) Linear penalty: (¢ =1): p(z) =Y v, [max{0, g;(z)}]
(b) Quadratic penalty: (¢ =2): p(z) = > 1", [max{0, g;(z)}]
For example, if we define ¢gF(z) = max{0,g:(x)}, then g*(z) = [¢] (x),..,g;:(x)]’. The penalty
function P(z) = g*(x)Tg*(z), or P(z) = g™ (x)"Tg*(z) where ' > 0

2. Penalty for problem with equality and inequality constraints
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P min f(z)
s.t. g(z) <0
h(z) =10
zeR"
Need penalty function: p(z) =0 if g(z) <0 AND h(z) =0
plz) > 0if g(x) > 0 OR h(z) #0

m k
We can use: p(z) = Z[max{(], gi(z)}]? + Z |hi(x)]?, g > 1

Derivative of the penalty function

Suppose we use P(z) = v(g*(z)), where g*(x) is as defined previously. An example of v(z) is v(z) = y”y.
The difficulty arises when we try to take the derivative of P(z), as the max function g™ (z) is not differen-
tiable. But we will see that if we choose v(z) appropriately, we can make P(x) differentiable.

OP(z) _ i (g™ () B9/ ()
or 2 BT (w) O

dg*(z) _ {M if g;(z) > 0

ox
dzx 0if g;(z) <0

+ .
But % may not be continuous at 0. However, if we choose v such that W = 0 whenever g;(z) =

+
0, then it won’t matter if a—g:'h(—z) is discontinuous, because it will be multiplied by 0. One such ~(z) is
Yl @) g1

KKT in penalty methods

As before, we have:
1. Penalty program: x; = argmin_ f(z) + ¢ P(x)
2. Penalty function: P(z) =~(g"(z))

I~ [ + T
3. Derivatives: VP(z) =", %j%?—%i—)

The 1%* order condition in local minimum tells us:

0= Vf(zx) + cxVP(zx) = Vf(x) + ; ui & Vgi(2k) where u; . = “"%
0= Vf(xr) + (ue)TVa(zr)

ug, now looks like a Lagrange multiplier. Indeed, under some mild conditions, as x; — #* = up — u”,
where u* is the Lagrange multiplier at the optimum.
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Sequential quadratic programming

Sequential quadratic programming (SQP) is an iterative method for constrained
nonlinear optimization. SQP methods are used on mathematical problems for which
the objective function and the constraints are twice continuously differentiable. SQP
methods solve a sequence of optimization subproblems, each of which optimizes a
quadratic model of the objective subject to a linearization of the constraints. If the
problem is unconstrained, then the method reduces to Newton's method for finding a
point where the gradient of the objective vanishes. If the problem has only equality
constraints, then the method is equivalent to applying Newton's method to the first-
order optimality conditions, or Karush—-Kuhn—Tucker conditions, of the problem.

Algorithm basics
Consider a nonlinear programming problem of the form:
min  f(z)
subject to  b(z) =0
clxz) = 0.
The Lagrangian for this problem isl']
L(z,7,0) = f(z) — Ab(a) — oe(a),

where A and ¢ are Lagrange multipliers. At an iterate xy, a basic sequential quadratic programming algorithm defines
an appropriate search direction dy, as a solution to the quadratic programming subproblem

mdin flay) + Vf(z)Td + %drv%,u Ll{xy, A, o )d
s.t. blaxg) + Vb(zp)Td >0
e(zy) + Velzp)Td = 0.

Note that the term f(xy,) in the expression above may be left out for the minimization problem, since it is constant
under the mén operator.

Alternative approaches
There are alternative approaches such as the

« Sequential linear programming
« Sequential linear-quadratic programming
« Augmented Lagrangian method

Implementations

SQP methods have been implemented in well known numerical environments
such as MATLAB and GNU Octave. There also exist numerous software
libraries, including open source:



Computation, Analysis and Modelling of Continuous Real-World Problems

SciPy (de facto standard for scientific Python) has
scipy.optimize.minimize(method="SLSQP’) solver.

NLopt (C/C++ implementation, with numerous interfaces including Julia,
Python, R, MATLAB/Octave), implemented by Dieter Kraft as part of a
package for optimal control, and modified by S. G. Johnson.

LabVIEW

KNITRO (C, C++, C#, Java, Python, Fortran)

NPSOL (Fortran)

SNOPT (Fortran)

NLPQL (Fortran)

MATLAB

SuanShu (Java)
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