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Overview

- Vector Autoregression (VAR) model is an extension of
univariate autoregression model to multivariate time series
data

- VAR model is a multi-equation system where all the variables
are treated as endogenous (dependent)

- There is one equation for each variable as dependent
variable. In its reduced form, the right-hand side of each
equation includes lagged values of all dependent variables in
the system, no contemporaneous variables
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VAR Model

VAR(p) model:
Yima+A Y +AY o+ LAYt E

where:

Y= Y10 You ---» Yr) - @n (nx1) vector of time series variables

-a. an (nx1) vector of intercepts

‘A (=1, 2, ..., p): (nxn) coefficient matrices

-€.: an (nx1) vector of unobservable i.i.d. zero mean error term
(white noise)
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VAR Model

Example: Bivariate VAR(2) Model
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The Simplest VAR Model

Example: Bivariate VAR(1) Model with no intercepts

The simplest example is a vector autoregressive process (VAR)
with two variables and first order dynamics as in:

(yt>(‘311 312>(yf1>+(€y,t>’ (1)
Xt a1 a Xt—1 Ex t

where €, ; and €, ¢ are two white-noise variables (correlated or
uncorrelated).



The Marginal Models
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The Simplest VAR Model

Example: Bivariate VAR(1) Model with no intercepts

We now express y; as a function of y;_; and €, ; and €, ;.
Solve the first equation for x;_1:

Xt—1 — (1/812)J/t — (811/812))’r—1 — (1/812)€y,r
Substitution in the second equation of the VAR gives

an) ai a2
Xe = —Ye+ (a1 —an—")yi-1— — €+ +€xt, a2 # 0
ain di12 d12



The Final Equation

Finally: Replace t by t + 1 in the first equation in (1), and replace
x¢ by the left hand side of (3):

ano ail
Yi+1 = a11yr + ‘312{—J/t + (a1 — azza—)ﬁ 1
ai2 12
any
— a—Ey,t—|_€x,t} + €y t+1 (4)
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(4) is called a final equation. It shows that y; given by the VAR
(1) follows the 2 order stochastic difference equation:

v = (a11 + a2)yi—1 + (a12a21 — axa11)yr—2 + €+ (5)
1 2




The Simplest VAR Model

The disturbance in the final equation is:

€t = €yt — a2€y t-1 + a12€x t—1

Write the final equation more compactly

¢(L)y: = €¢, where (6)

p(L) =1— 1L — oL,

¢1 = (a11 + ax2) and ¢o = (a1par; — axai1).

The associated characteristic polynomial:

p(A) = A — P1 A — Po. (7)



VAR Stationarity
Based on the Final Equation

- The LEFT-HAND SIDE of the univariate series {Yt} Iis a
stationary AR(2) if both roots of ¢(L)=0 are outside the unit
circle.

- This is equivalent to: both roots of P(A)=0 are inside the unit
circle.

- (What process does the error term on the right-hand side
follow? White noise? MA(1)? Other model?)

- Question: What about the univariate series {Xt}?
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Check for Stationarity
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The Simplest VAR Model

Example: Bivariate VAR(1) Model with no intercepts

The simplest example is a vector autoregressive process (VAR)
with two variables and first order dynamics as in:

(yt>(‘311 312>(yf1>_|_(€y,t>’ (1)
Xt a21 a2 Xt—1 €x,t

where €, ; and €, ; are two white-noise variables (correlated or
uncorrelated).
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The Companion Form

Let z; denote the vector time series made up of y; and x;. Define

Z; = [J/tsxt]! and €; = [E}’:f’exrf]!’

(1) can be expressed as
z. — Fz;1 + €y,

where F is the matrix with VAR coefficients, i.e.,

a a
F— 11 4d12 )
a21 422
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The Companion Form Il

» Since equation (8) is a companion form,
the associated characteristic polynomial of F is

F-\I| = a1 — A aio
a1 a»n — A

where | is the identity matrix.

» A is an eigenvalue (root) of F if
|F—f\.|| =0, (9)

If we write out (9) we have that if A is a root in (9), it is also
a root in the characteristic equation

A2 —piA—¢r =0

with ¢1 = (a11 + az2) and ¢ = ajpar; — airazn.
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The Companion Form

- F Is an example of a companion matrix.

- Since (9) is the same equation as the characteristic equation
for the final equation for yt , we have that [yt , xt ] is a stationary
process if and only if the eigenvalues of F have moduli less
than 1 (inside the unit circle).
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The Companion Form

The companion form is well suited for generalizations.
Let y; be the n X 1 vector.

Ye = [Vie, Y20+ Vit

The VAR of or order p is:

Ye = @Y1 T PoYe2t... TP Yip T €t (10)

where ¢p. is a n X n matrix with coefficients and €; is a vector with
white-noise disturbances that may be correlated
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The Companion Form

Write (10) in companion form:

Yt | b1 P ¢’p—1 ¢’p Ty g €,

Ve 1 I 0 0 )

- 0 | 0 S

i Yt—p—l—l _ . - - Yi 0
T 0 0 0 1 0 | &L TfP-o L -

t nxp anX:p gt_l (11) "
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The Companion Form

- The VAR(p) is a stationary process if and only if all the
eigenvalues of F have moduli less than 1 (inside the unit circle).

- Recall, the eigenvalues are the solutions of

|F—f\.|| =
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Why do we need VAR?

- Time-series data with autoregressive in nature (serially
correlated)

- VAR model is one of the most successful and flexible models for
the analysis of multivariate time series

- Especially useful for describing the dynamic behavior of economic
and financial time series

- Useful for forecasting
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Applications of VAR

- Analysis of system response to different shocks/impacts

- Model-based forecast. In general VAR encompasses correlation
iInformation of the observed data and use this correlation

Information to forecast future movements or changes of the
variable of interest
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/
Applications of VAR ‘

- In economics, VAR iIs used to forecast macroeconomic variables,
such as GDP, money supply, and unemployment

- In finance, predict spot prices and future prices of securities;
foreign exchange rates across markets
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Applications of VAR

- In accounting, predict different accounting variables such as
sales, earnings, and accruals

- In marketing, VAR can be used to evaluate the impact of different
factors on consumer behavior and forecast its future change.

22



Forecasting



Applications of VAR: Forecasting

- 1-step forecast based on information available at time T:
YT+1|T —a-+t A]_YT + AZYT-]. + ...+ ApYT—p+1

- h-step forecast:
Yrmr = a+ A et AoY e o F A gy
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Implementation

- All data have to have same frequency
- Data with mixed frequency need to be converted to the same frequency

- Convert higher-frequency data to the frequency of the lowest-frequency data). For example: if
we have daily, weekly and monthly data then we will need to convert everything to monthly

frequency

- Interpolate lower-frequency data into high frequency
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SAS & R for VAR



/
Example of VAR usage ‘

- Testable hypothesis: there has to be a dependence of DJIA index
on its own lag and on lag of total market capitalization and vice
versa

- Use return on DJIA index and return on market capitalization
- Monthly observation
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Dataset

Obs

OO ~NO Ul WN P

year

1961
1961
1961
1961
1961
1961
1961
1961
1961

month

OCoO~NOUITE,WN P

ret_dji

0.02619
0.02575
0.01442
0.02067
-0.02172
0.01913
0.03243
-0.03279

ret_totval

0.032994
0.033013
0.006127
0.022185
-0.030350
0.033709
0.022871
-0.020618
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SAS



SAS Implementation

- PROC VARMAX
proc varmax data=comb;
model ret_dji ret_totval / p=1;
run;
- ret_dji,=a, + by, ret_dji_; + by, ret_totval _; + €,
- ret_totval, = a, + b,, ret_dji,.; + b,, ret_totval,_; +&,,
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SAS Output

Model Parameter Estimates

Standard

Equation Parameter Estimate Error tValue Pr>|t| Variable
ret_dji CONST1 0.00542 0.00195 2.78 0.0057 1

AR1 1 1 -0.29801 0.06973 -4.27 0.0001 ret_diji(t-1)

AR1 1 2 0.37788 0.07499 5.04 0.0001 ret_totval(t-1)
ret_totval CONST2 0.00802 0.00185 4.32 0.0001 1

AR1 2 1 0.06674 0.06627 1.01 0.3144 ret_dji(t-1)

AR1 2 2 -0.04813 0.07127 -0.68 0.4998 ret_totval(t-1)

Ret_dji; = 0.005 — 0.298 ret_dji,; + 0.378 ret_totval,_; + ey,

Ret_totval, = 0.008 + 0.067 ret_dji.; — 0.048 ret_totval,_; + e,
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SAS Output

Covariances of Innovations

Variable ret _dji ret totval

ret_dji 0.00199 0.00156
ret _totval 0.00156 0.00180

Information
Criteria

AICC -13.663
HQC  -13.6445
AlC -13.6631
SBC -13.6156
FPEC 1.165E-6
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R for VAR
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- VARs are implemented in the vars package in R. It contains a
function VARselect to choose the number of lags p using four
different information criteria: AIC, HQ, SC and FPE. We have met
the AIC before, and SC is simply another name for the BIC (SC
stands for Schwarz Criterion after Gideon Schwarz who proposed
It). HQ is the Hannan-Quinn criterion and FPE is the “Final
Prediction Error” criterion. Care should be taken using the AIC as
it tends to choose large numbers of lags. Instead, for VAR
models, we prefer to use the BIC.
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Concerns

- Assuming all variables are endogenous

- If time-series data are nonstationary (containing stochastic
trends), while it is possible to estimate VAR in levels, it is
preferable to estimate VAR in first differences

- Uncertainty about number of lags (using LR test, Information
criteria: AIC, BIC etc.)
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i
concerns

- Data requirements (long time series)

- Imprecise estimated coefficients (overfitting the model). Solution —
restrict or weight coefficients

- Computationally intensive
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RN

- Conceptual Econometrics Using R (ISSN Book 41) 1st Edition, by Hrishikesh D.
Vinod (Editor)

- Principles of Macroeconometric Modeling (Volume 36) (Advanced Textbooks in
Economics, Volume 36) by L.R. Klein, W. Welfe, et al. | Oct 5, 1999

- Macroeconomic Modeling and Macroeconometric Simulation: lllustrated with a
developing economy Model (Macroeconometric model Book 1) Book 1 of 1:
Macroeconometric model | by Kannapiran Arjunan | Jun 9, 2020

- Global and National Macroeconometric Modelling: A Long-Run Structural
Approach by Anthony Garratt, Kevin Lee, et al. | May 4, 2012

- Simulation of a macroeconometric model with multiple time series considerations
(Wayne economic papers) by Rosemary Rossiter | Jan 1, 1982

37



