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4.4 Euler’s equations

In this section we consider a free rigid body, meaning that no external forces act on it. From
Newton'’s laws we thus have that the total momentum P given by (4.22) is constant, and hence
P = Mvg = 0. One can deduce this from Newton’s laws for point particles by conqidering the
body as made up of many particles of small masses my at positions ry, with M = Z J=1 NI
being the total mass. The only forces acting are the constraint forces keeping the masses at fixed
distances apart, [r; — rj| = constant, and summing over the whole body these forces cancel, as in
equation (1.16). We thus deduce that the centre of mass velocity v is constant. Via a Galilean
boost we may take the inertial frame S to be such that the centre of mass is at rest at the origin,
O = G, which we henceforth do.

The remaining dynamics is then entirely in the rotation of the basis {e;} for the rest frame S

of the body. Recall from section 4.1 that
eit) = Y Ry(t)é;, (4.42)

where now {&;} is a time-independent basis for the inertial frame S. The Coriolis formula (4.11)

applied to r = e; immediately gives

e = wie;, (4.43)

although we can also easily check this from (4.42): differentiating the latter with respect to time

t we have
3 3
ZR,;jéj = Z(RRT ik = Zﬂﬂ“ek . (4.44)
j=1 k=1
Using (4.6) we may then write this as
Z €ikjwier = Zej ANejwj = whe;, (4.45)

7.k=1

where recall w = E} ywje;. In the second equality in (4.45) we have used that the frame is

right-handed, so e; A e; = Y 5_, €;irer.
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Choosing the basis {e;} to be aligned with the principal axes of the body, we may write the

total angular momentum as
3
L = ) Luwe. (4.46)
i=1

where recall that I; are the principal moments of inertia. This is likewise conserved, L= 0, as
with no external forces acting there is no external torque (again, compare to the system of point

particles in section 1.5). Using (4.46) we thus compute
3
0 = L = Zfi(f-biei -I-.uJié,;), (4.47)
i=1

which combining with (4.45) leads to the three equations

Loy — (I — )waws = 0,
Las — (I3 —L)wswy = 0,
Bz — (L - hLwwe = 0. (4.48)

This is a set of coupled first order ODEs for the three functions wj(t), i = 1,2, 3, which determine
how the rigid body rotates. The system also depends on the constants [;, and collectively the
equations are known as Euler’s equations. If we include an external torque 7 then the components
7; simply appear on the right hand side of (4.48) via L = 7.

Let us examine (4.48) further. If we multiply the i*" equation by w; and then sum over i we

find the resulting equation is equivalent to
3
o7 = ) Iw! (4.49)
i=1

being constant. Of course we immediately recognize T' as the rotational kinetic energy (4.41),
which we expect to be conserved for this closed system. Similarly multiplying the i*"* equation by

[iw; and summing we find

3
L-L = [*=) I (4.50)

i=1
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is constant. Here L = Z?=1 I;w;e; is the total angular momentum (4.24). Again, on general
grounds we expect this to be conserved.

‘We have thus found two conserved quantities. A little algebra allows us to rearrange the equa-

tions as
2037 — L? = @LL(I3— [)w? + L(I3 — I)ws |
20L,T — L? = (I, — I)w? + I3(I, — I3)w? ,
e = (Ip— I3)’wiw; . (4.51)

We may thus algebraically eliminate wa, w3 using the first two equations to obtain a first order
ODE for wi (t) of the form

@} = F(w;L,T,L7%), (4.52)

where F' is quadratic in w%. Thus the problem is completely integrable, since we may solve £ =

J dun /V/F, and then substitute the solution for wi (#) into the remaining two equations in (4.51) to
obtain wa(t), w3(t) algebraically. In general the integral that arises here is called an elliptic integral
of the first kind, and cannot be written in terms of more elementary functions. However, one can
gain some gqualitative understanding of the general solutions to these equations using geometric
methods. In particular notice that equations (4.49) and (4.50), when viewed as constraints on the
angular momentum L; = [;w;, say that L = (L, Lo, L3) lies on an ellipsoid with semiaxes /2711,
V2T I>, /2T 13, and on a sphere of radius L, respectively. For futher discussion see Example 5.7
in the book by Woodhouse, or section 37 of the book by Landau and Lifschitz. We shall instead

examine some special cases:

Example (axisymmetric body): Consider an axisymmetric body (also known as a symmetric top)
with I3 = Is. Then the third Euler equation in (4.48) implies that w3 = 0, i.e. w3 = constant. We

may then combine the first two equations into the single complex equation

I — 1T
(I3 1)w3_

T (4.53)

d
a(wl +iws) = iw(wy +iws) , where v =

The solution is hence w; + iws = Aexp(ivt), where the constant amplitude A may be taken to be

real by choosing a suitable origin for the time ¢. Thus
w(t) = (Acosvt, Asinvi,wsz) . (4.54)

Since the component wy along the axis of symmetry es is constant, this shows that the vector
w rotates uniformly with angular speed v about the axis of symmetry, with constant modulus
|w| = \/m and making a constant angle cos™!(ws/ \/m Since the components of
the angular momentum L in this basis are L; = [;w;, the angular momentum wvector L. has a
similar motion. That is, L rotates uniformly about the axis of symmetry e3, making a fixed angle

0 = cos™(I3ws/|L|) with it.

3
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Of course this description is as viewed from the rest frame & of the body. Viewed from the
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inertial frame S we know that the angular momentum vector is constant. Viewed in this frame

it is the axis of symmetry e3 that rotates uniformly about the constant direction of L. We shall

describe this in more detail in section 4.5.

Example: Suppose Iy < I, I3 = I + I» and the body is set in rotation with wy = 0 and

w3 = /(Ia — I1)/(I2 + 1) w1. Then the solution to the Euler equations is wj(t) = cisech(eat),
where ¢; = /2T /1> and ¢2 = \/(I2 — I1)/(I2 + I) c1. Verifying the details is left to Problem
Sheet 3.

Stability

Euler’s equations (4.48) have three special solutions where (wq,ws,w3) = (w,0,0), (0,w,0), or
(0,0,w), respectively, corresponding to rotation around each of the three principal axes with con-
stant angular speed w. When I, I2, I3 are all different, so that without loss of generality we may
assume I; < Is < I3, then the first and last of these solutions are stable, while the second is
unstable.

To see this consider the first solution, and let us perturb it by writing w = (w+¢£1,&2,£3). Then

ignoring quadratic order terms in £;, as in section 3, the Euler equations (4.48) read

Ly = 0,
Inés = (I3 —I1)wes ,
Isés = (1 — I2)wes . (4.55)

In particular the last two equations imply that

Is — I1) (11 —
(I3 — 1) (11 12)w252_
I3

Iés = (I3 —I)wés = (4.56)

Since I} < I < I3 this takes the form & = —A2g2 where Ay = 13—1}21.:2—11 w? > 0. We thus find
simple harmonic motion in the €2 and £3 directions, and the solution is stable.
The computation for the solution w = (£1,w + €2,£3) is very similar, only we now find that

Iy — IV(I; — I
(I3 — I3)(I; Q)UJQEI

I _
1€1 I s

(4.57)

_ (13—12)(12—11)w2

T < 0 and the exponential

This takes the form & = —A &y, where now \; =
solution means this is unstable.

We leave it as an exercise to check that the final case where w = (0,0,w) is stable. One can
demonstrate this very effectively by taking any rigid body with well-separated principal moments
of inertia Iy <« Is < I3, and spinning it about each principal axis. For example, we showed

earlier that a rectangular cuboid of mass M and side lengths 2a, 2b, 2¢ has I} = %M’(bz + c?),

4
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I, = %ﬁ-f((? +a?), Iy = %ﬂf(aQ + b%). Then a > b > ¢ implies I} < I, < I3, and rotation about
the middle length axis is the unstable direction. Try it — preferably with something that will not
break if you drop it!

4.5 Euler angles and SO(3)

As we've already mentioned, the motion of a rigid body may be described by three coordinates for
its centre of mass G, together with three angles which determine the orientation of the axes {e;}
fixed in the body relative to the axes {&;} of the inertial frame S. A natural choice for these latter
three generalized coordinates is Fuler angles.

We might as well suppose that the origins O, O of S s S coincide, as we are only interested in

the angles between coordinate axes. The axes of the two frames are then related as in (4.1), where
R € SO(3). We then have

Proposition: There exist angles 6 € [0, 7], ¢, ¢ € [0,27) such that

( cos f cos p cos 1 — sin @ sin P cos B sin g cos + cos psiny  —sinf cos
R = —cosfcospsiny —sinpcosy —cosfsinpsiny + cospcosy  sinfsin
\ sin # cos ¢ sin fsin ¢ cos
( cos?yr sinyy 0 cosf 0 —sinf cosyp sing 0
= —siny cosy 0 0 1 0 —sing cosp 0 . (4.58)
\ 0 0 1 sinf 0 cos# 0 0 1

Moreover, 8, ¢, ¢ are determined uniquely by R, provided that |Rss| # 1.

N.B. There are different conventions for Euler angles. We're using the so-called “y-convention”,
in which the second rotation we describe below is about the “y-axis” (more precisely, the €5 axis).
The other commonly used convention is called the “z-convention”, where one instead rotates about

the z-axis. This amounts to the simple replacement ¢ — ¢ — 5, ¥ — ¥ + 7.

Proof: There are essentially two approaches to deriving (4.58). Omne can either proceed alge-
braically, which is the method used on pages 9 and 10 of the book by Woodhouse, or else one can
proceed geometrically. We shall follow the geometric route, as it gives a better intuition for the
Euler angles.

Consider the two axes ez and €3. Each of these defines an orthogonal plane, namely the (e, e2)
plane and the (&;,&2) plane, respectively. If these planes coincide then ez = +&j3, which is the
special case |Ra3| = 1 mentioned above. In this special case the two frames simply differ by an
O(2) rotation of this plane. Otherwise the intersection of the two planes defines a unique line

though the origin, called the line of nodes. We specify its direction by defining the unit vector

n = ezAhes. (4.59)
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Since n is a unit vector lying in both the (e;, es) plane and the (&, éy) plane we may write
n = sinyYe; +cosyes and n = —sinpé; + cospé, . (4.60)

This defines uniquely the two angles ¢, ¥ € [0,27). The angle # € [0, 7] is simply the angle
between es and e3. This is probably the clearest description of the Euler angles — see Figure 12.

~

€3
A
e; :

Figure 12: The Euler angles 6, ¢, ¢ between the two orthonormal bases {&;} and {e;}. The angle
between &3 and ez is . while the vector n = é3 A e3 along the line of nodes is orthogonal to both
of these vectors. The angle between €5 and n is denoted ¢, while the angle between es and n is 1.

Having given a geometric description of the angles, as suggested by the second line of (4.58) we
may construct the rotation matrix R between the two frames as a sequence of three 2 x 2 rotations.
We start with the {éz-} basis. Clearly we’d like to rotate €3 onto es, but to do this we need to
rotate about an axis perpendicular to both vectors, i.e. the line of nodes n. Thus we first rotate
about the &3 axis by an angle ¢, which brings the €2 vector into line with n. Concretely the new

orthonormal basis is
€, = cospé| +sinpé,, € = n = —singpé; +cospésy , €3 = é3. (4.61)

The line of nodes is the new basis vector é; = n, and rotating about this through an angle # brings

€3 = €3 into line with e3. The new orthonormal basis is

e, = cosf(cospeé; +sinpey) —sinfeé; , e, = n = —singé; +cospes ,

e; = sinf(cospé; +singes)+cosfe; . (4.62)

Now that we have rotated €; onto ez, the last step is to ensure that in the final basis {e,;} we

have n = sinv e; + cosv ez, which was the definition of 1 in (4.60). Since currently n = e,

6
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we achieve this by rotating about the €5 = e3 direction by an angle 1». This hence explains the
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sequence of three rotations on the second line of (4.58), of course read right to left as we are
mapping é; — e; = E?=1 Rijej. The case where |R33| = 1 (equivalently sin# = 0) is a coordinate
singularity. If one wants to analyse the behaviour near here one should really change coordinates
(much like near the origin ¢ = 0 in plane polar coordinates, where the angle ¢ is not defined and

one should change to Cartesian coordinates x = pcos ¢, y = psin ¢).

Since the Euler angles are generalized coordinates for the rotation group SO(3), we must be able to
write the angular velocity w of S relative to S in terms of these variables. Of course here 8 = #(t),
w = p(l), ¥ = ¥(t). The brute force method would be to take the rather ugly 3 x 3 matrix on the
first line of (4.58) and substitute it into the definition of w = (wy, ws,ws) in (4.5). This works, but
is a little tedious by hand.!!

There is a much nicer way to get to the result though, again using the decomposition on the
second line of (4.58). Let us denote the various frames in the proof above as S, S, 8 and S,
respectively. Then the rotation matrices from S— S8 s S > 8 and &' — S are precisely the three

2 x 2 rotation matrices

cosp sing 0 cos# 0 —siné costp siny 0
—sing cosg 0 . 0 1 0 , —siny cosy 0 , (4.63)
0 0 1 sinf 0 cos#f 0 0 1

respectively. Comparing to the example in (4.12), we thus see that the angular velocity of &
relative to &’ is wfleg, the angular velocity of S’ relative to S is E}n, and the angular velocity of
S relative to S is @ eé3. Using the comment at the end of section 4.1, the angular velocity of S

relative to & is then simply given by the sum of these:

w = Ye3+On+ peé, (4.64)

= -tf)eg + é(sinwel +cosyes) +p(—sinfcose; +sinfsiny es + cosfes) .

Thus writing w = Z?:l w;e;, the components w; in the frame S are

w; = 6siny— @ sinf cos) |
we = é'?cosw—kgbsint?sinw,
wy = P+ Y cosh . (4.65)

Example (axisymmetric body): As an application of these results, let’s return to the free ax-
isymmetric body discussed in the previous subsection. We showed there that in the body frame
the angular momentum vector L rotated about the e3 axis at a fixed angle #, with angular speed

v = (I3—1I;)ws/I;. In the inertial frame S the angular momentum L is constant, and for simplicity

11With a computer algebra package it takes less than a minute to type in this matrix and get the formula (4.65)
for w.
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Figure 13: The precession of an axisymmetric body. The dotted axes are those of the fixed inertial
frame S. We take the conserved angular momentum L to lie along the third axis €3. The axis of
symmetry ez of the body makes a constant angle 8 with L, so that 6 = 0, and precesses around L
with rate ¢.

we take it to lie along the é3 direction. From Figure 13 we thus see that =0 (the angle between
the axis of symmetry es and L is constant) while comparing (4.65) to the solution (4.54) we see
that 1;51 = —v and ws = U + ¢ cosf. Notice here that 1;5 = —v is the rate of rotation of the body
about its symmetry axis es, which since L is fixed in S explains why L appears to rotate about

ez with angular speed +v in the body frame. We may also deduce that

w3 + v Tzw3

(4.66)

cos  Ticosf

This is the constant rate of precession of the ez axis around L, as viewed in the inertial frame S.

4.6 The Lagrange top

Euler’s equations (4.48) determine the time-dependence of the angular velocity w, but in general
these are not a useful deseription of the dynamical evolution, especially when we consider rigid
bodies moving under gravity (in (4.48) there are no external forces acting).

Consider a rigid body with rest frame &, with the origin O = G at the centre of mass and the
axes aligned with the principal axes. We may use Cartesian coordinates (x,y, z) for the position
of O with respect to the origin O of an inertial frame S. The orientation of the body may then be
specified by giving the Euler angles 0, ¢, % of the frame S relative to the fixed inertial frame S.
Altogether .y, 2,0, v, are six generalized coordinates for the configuration space. The kinetic
energy of the body is given by (4.40), where the centre of mass velocity is vg = (&, 7, 2). We may

then use (4.65) to express the rotational kinetic energy (4.41) in terms of Euler angles. Altogether
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the kinetic energy of the body relative to & is then
T = %M’(:ﬁ:2 + 2+ %)+ %Il(f} sinv — ¢ sinf cos )2
1 . 1 .
—0—512(9 cosv + ¢ sin@sin )2 + Efa(’u') + ¢ cosf)? . (4.67)

The main application we will address in this section is the dynamics of a rigid body moving under
gravity. An important fact is that if a body is placed in a uniform gravitational field, say of
strength ¢ in the downward z-direction, then the body acts as if all the mass was located at the

centre of mass GG. This follows since the total gravitational potential energy of the body is
vV = / p(r)gzdV = Mgzq, (4.68)
R

where zg is the z-coordinate of the centre of mass rg in (4.20). In particular, the Lagrangian for a
rigid body moving under gravity is L = T — V', where T is given by (4.67) and V is given by (4.68).
The form of this Lagrangian immediately implies that the centre of mass motion (x(t), y(t), z(t)),
behaves like a point particle of mass M at the centre of mass G, while the rotational motion about
the centre of mass is entirely unaffected by the gravitational field.

A different situation has the body instead rotating about a general point P fixed both in S and
fixed in the body. In this case we may take the frame S to be centred at O = P, with axes aligned
with the principal axes of I(P), so that

T = %Il(t"? sin1 — ¢ sinf cos 1) 4+ %IQ(E} cos 1 + ¢ sinfsine)? + %13(1;5 + ¢ cosf)? . (4.69)

Here I; are now the principal moments of inertia about the point P. This follows from the original
expression (4.37) for the kinetic energy, where the middle term in the expression on the right hand
side is now zero since vp = 0 (rather than because O = ). The form (4.69) of the kinetic energy
is relevant for problems where the rigid body is suspended from a particular point P, but may

move freely about this point.

P =fixed

Figure 14: A Lagrange top.
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In general this problem is not integrable, but certain special cases are. We will study the
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Lagrange top, which is a constrained problem in which an axisymmetric body is suspended from a
point P lying on the axis of symmetry e;. If we denote by [ the fixed distance between P and G

along this axis, then from (4.68) the potential energy is
V. = Mglcosf . (4.70)

In particular notice that @ and ¢ are spherical polar angles for the axis of symmetry es. That is,
e3 makes an angle # with the upward vertical z-direction, while ¢ is the angular speed with which

the axis e rotates about this vertical. The Lagrangian for the Lagrange top is hence given by
Lo g2 22 2 Lo 2
L = T-V = §I1(6' + ¢° sin 9)—|—§Ig(qj)+cpcost9) — Mglcos# . (4.71)

We stress that as in (4.69) I; are the principal moments of inertia about P. We immediately see

that both ¢ and ¢ are ignorable coordinates, with conserved momenta

oL

Py = 0 = I3(d+ ¢ cosh) = Izws .
Py = g_i = Isin?0¢ + py cosf . (4.72)

Notice that py, is simply the angular momentum of the top about its axis of symmetry, where the
corresponding constant angular velocity ws is called the spin. Since dL/dt = 0 the energy FE is

conserved, where
2 = 1,6°+ 113% sin® 0 + Iswi + 2M gl cos b . (4.73)

It is then useful to introduce u = cosfl and rearrange the equations as

Py — I3wsu

$ = (1 — u?)
. o — 1
b oy Bl
Lu? = F(u), (4.74)
where we have introduced
F(u) = (2F — Iw? —2Mglu)(1 — u?) — (pp — Iywgu)® . (4.75)

I
We have thus reduced the problem to quadratures, and as for the free Euler equations the wu-
integral is an elliptic integral. However, one can understand the qualitative behaviour of the
dynamics without solving the equations directly.

Suppose we set the top in motion with starting value # = cos™(us) and = 0. We shall fix the
angular speed w3 > 0 and p,, and suppose that u. = p,/I3ws satisfies 0 < u, < 1. This latter

condition will lead to various interesting behaviour, as we shall see. Next consider the differential
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equation I;1? = F(u), where F(u) is given by (4.75). The constant E in this expression is fixed
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by the initial condition

(po — Izw3uz)?
I ’

The function F(u) is a cubic with positive coefficient of u?, and we also note that F(%1) =

0 = F(u) = (2E — I3w3 — 2Mglus)(1 — u3) —

(4.76)

—(py F Isws)?/I1 < 0. The physical range of interest is where —1 < u = cos# < 1 and F(u) > 0.

In Figure 15 we have sketched the graph of F(u) as we vary u,, with all other parameters kept

fixed. Notice that F(u) has two roots u; < us € (—1,1) in the physical range.

Fru) u

Figure 15: Sketch of the cubic function F(u) for various values of initial condition ug (where
F(u2) = 0). The physical region is where u = cosf € [—1,1] and F(u) > 0. The motion of
u(t) is comstrained to lie between two roots u; < wug of I'(u). As we vary us the endpoints
F(£1) = —(p, F I3w3)?/I; < 0 of the curves are fixed. We have also noted the critical value

e = py/Izws € (0,1). There are then 4 distinct behaviours, corresponding to the 4 curves A, B,
C and D.

Notice that to the left of the line © = w,, meaning —1 < u < u., we see from (4.74) that ¢ > 0 is
positive. On the other hand to the right of v = u., meaning u, < u < 1, we instead have ¢ < 0 is
negative. This leads to 4 distinct behaviours for the motion of the top. Notice that in this motion
the axis of symmetry es traces out a curve on the unit sphere, with spherical polar coordinates

(8, ), centred at P:

(A) Here there is a critical value ug = u; = uo which is a root of both F(u) and F'(u). The graph
of F(u) hence touches the u-axis at u = ug, and the trajectory is simply u = ug = constant.
The axis thus steadily precesses about the vertical with # and ¢ > 0 both constant. This

traces out a horizontal circle on the sphere with # = 6y = cos™!(uq).

(B) Here us satisfies ug < ug < uc, and u(t) € [u1, uz] oscillates between the two roots uy < ug of

F(u) on either side of ug. But in this motion we always have ¢ > 0. The axis of symmetry

11
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hence rotates anticlockwise about the vertical (viewed from above the north pole # = 0), but
at the same time its angle # with the vertical oscillates between the two values corresponding

to the roots of F'. This oscillation in # is called nutation.

There is a limiting case where us = u.. Here ¢ = 0 when f reaches its minimum, corresponding
to u = u.. While this case might look fine-tuned, it’s also exactly what happens when you
simply let go of the rigid body from rest, i.e. both 6 =0 and ¢ = 0 initially (of course it can

still spin about its axis, ¥ = w3 in this case).

Perhaps most interesting is the final case when u. < uz < 1. In this case ¢ is negative for

appropriately small range of #, and the curve traced out on the sphere loops back on itself.

Figure 16: The distinct behaviours of the Lagrange top corresponding to the curves A, B, C and
D in Figure 15. In each case we've shown the curve traced out by the axis of symmetry on the
unit sphere centred at P.
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