WATER RESOURCES OPTIMIZATION AND WATER QUALITY MODELING
LECTURER: NYAANGA PIUS, PHD

LINEAR PROGRAMMING APPLICATIONS

INTRODUCTION

In the previous lectures, we discussed about the standard form of a LP and the commonly
used methods of solving LPP. LP finds many applications in the field of water resources and
structural design which include many types like planning of urban water distribution,
reservoir operation, crop water allocation etc. In this lecture, applications of LP in deciding

the optimal irrigation allocation and water quality management are discussed.

EXAMPLE — WATER RESOURCES

(1) Consider two crops 1 and 2. One unit of crop 1 brings four units of profit and one unit
of crop 2 brings five units of profit. The demand of production of crop I is A units and that of
crop 2 is B units. Let x be the amount of water required for A units of crop 1 and y be the
same for B units of crop 2. The linear relations between the amounts of crop produced (i.e.,

demands A and B) and the available water (i.e., x and y) for two crops are shown below.

A=05(x-2)+2

B=0.6(y-3)+3

Minimum amount of water that must be provided to 1 and 2 to meet their demand is two and
three units respectively. Maximum availability of water is ten units. Find out the optimum

pattern of irrigation.

Solution:

The objective is to maximize the profit from crop 1 and 2, which can be represented as

Maximize f = 44 + 5B;
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Expressing as a function of the amount of water,

Maximize f=4[05(x-2)+2] +5[0.6(y-3)+3]=2x+3y+10

subject to

x+y <10 ; Maximum availability of water

x=>2 ; Minimum amount of water required for crop 1

y =3 ; Minimum amount of water required for crop 2

The above problem is same as maximizing f* = 2x + 3y subject to same constraints.

Changing the problem into standard form by introducing slack variables S}, S5, 53

Maximize f” = 2x + 3y

subject to
x+y+8;=10
x+8;=-2
-y +.8;=-3

This problem is solved by forming the simplex table as below
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Starting Solution:
Basic Variables
Variables RHS Ratio
X ﬂ\ S] S_) S3
I -2 / -3 \ 0 0 0 0
Si 1 ' 1 1 0 0 10 10
hY) -1 \ 0 0 1 0 -2 -
<[ o [}(1)] o 0 ! 3 | 3>
==
Iteration 1:
Basic Variables
Variabl RHS Ratio
ariables m , s, 5 S,
A / -2 \ 0 0 0 3 9 _
S ( 1 J 0 1 0 1 7 7
@KI) / 0 0 1 0 2 [ T
y W 1 0 0 -1 3 -

Iteration 2:
Basic Variables
Variabl RHS Ratio
ariables X y S; S, / Sj\
I 0 0 0 -2 -3 13 ;

T
<5 | o | o 1 1 ( DI -
x 1 0 0 -1 0 2 ]

y 0 1 0 0 \-1 / 3 -3




WATER RESOURCES OPTIMIZATION AND WATER QUALITY MODELING
LECTURER: NYAANGA PIUS, PHD

Iteration 3:
Basic Variables
Variabl RHS Ratio
ariables Y s, S5
f 3 1 0 28 -
S3 0 0 1 1 1 5 -
X 1 0 0 -1 0 2 -
y 0 1 1 1 0 8 -

Hence the solution is

x=2y-8 f-28

Therefore, f = 28+10 = 38

Thus, water allocated to crop A is 2 units and to crop B is 8 units and total profit yielded is 38

units.

EXAMPLE — WATER QUALITY MANAGEMENT

Waste load allocation for water quality management in a river system can be defined as
determination of optimal treatment level of waste, which is discharged into a river; such that
the water quality standards set by Pollution Control Agency (PCA) are maintained through
out the river. Conventional waste load allocation involves minimization of treatment cost

subject to the constraint that the water quality standards are not violated.

Consider a simple problem, where, there are M dischargers, who discharge waste into the
river, and / checkpoints, where the water quality is measured by PCA. Let x; be the treatment
level and g; be the unit treatment cost for jth discharger (j=1,2,...,M) and ¢; be the dissolved
oxygen (DO) concentration at checkpoint i (i=1,2,...,1), which is to be controlled. Therefore

the decision variables for the waste load allocation model are x; (j=1,2,...,M).
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Thus, the objective function can be expressed as
M
Minimize [ = Z;ajxj
=

The relationship between the water quality indicator, ¢; (DO) at a checkpoint and the
treatment level upstream to that checkpoint is linear (based on Streeter-Phelps Equation)
when all other parameters involved in water quality simulations are constant. Let g(x) denotes

the linear relationship between c¢; and x;. Then,
¢=gx;) Vij

Let ¢p be the permissible DO level set by PCA, which is to be maintained through out the

river. Therefore,
C, = Cp Vi

Solution of the optimization model using simplex algorithm gives the optimal fractional

removal levels required to maintain the water quality of the river.

Exercise problem:

The stream shown below receives wastewater effluent from two point sources at
Sites 1 and 2. There are 2 dischargers and 3 check points. The concentration of
pollutant at the sites 2 and 3 should not exceed the maximum desired concentration. The

values of the parameters are given below:

Parameters Unit Value
Flow upstream of site 1, Q, m?/s 12
Flow upstream of site 2, Q, 15
Flow upstream of site 3, Q, 17
Pollutant produced at site 1, W, (mg/1)| 1500
- (

Pollutant produced at site 2, W, m?/ ) 750
Pollutant concentration u/s of site 1, P, mg/l |28
Maximum pollutant concentration allowed at 18




WATER RESOURCES OPTIMIZATION AND WATER QUALITY MODELING
LECTURER: NYAANGA PIUS, PHD

site 2, P, 18
Maximum pollutant concentration allowed at

site 3, P,

Unit treatment cost for 1% discharger, a, 100
Unit treatment cost for 2 discharger, a; 70
Fraction of pollutant from site 1 transferred to 0.30
site 2, ¢, 0.15

Fraction of pollutant from site 1 transferred to

site 3, ¢; 0.50

Fraction of pollutant from site 2 transferred to
site 3, c,;,

Find the level of wastewater treatment (waste removed) at sites 1 and 2 to achieve the desired

concentrations at sites 2 and 3 at a minimum total cost.

W,

y

[ Site 1, producing }

Site 2, producing
W»

LINEAR PROGRAMMING SOFTWARES

MMO Software

This is an MS-Dos based software to solve various types of problems. Opening screen can be
seen as shown in Fig. 2. Press any key to see Main menu screen of MMO as shown in Fig. 3.

Use arrow keys from keyboard to select different models.
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e D:\Software\WMMO\START. EXE

MICROCOMPUTER MODELS FOR MANAGEMENT DECISION MAKING

Terry L. Dennis & Laurie B. Dennis

Copyright 1993
West Publishing Company
& T.L. and L.B. Dennis

Uersion 3.1

Portions (C)> Copyright Microsoft Corporation, 1992
All rights reserved.

Fig. 2. Opening Screen of MMO

o+ D:\Software\MMO\START. EXE

MICRO MODELS — MAIN MENU

L Forecasting

Integer Programming Inventory Models
Goal Programming Decision Theory
Transportation Model Queuing Models
Assignment Model Markov Analysis
Network Flow Models Change Initial SetUp

PERT Networks Disk File Utility
Simulation Quit and Exit to DOS

selected -> Linear Programming |

se the arrow keys to make your choice.
then p the [Enterl] [€ )
or simply press the highlighted letter.

Fig. 3 Main Menu Screen of MMO

Select “Linear Programming” and press enter. Two options will appear as follows:

SOLUTION METHOD: GRAPHIC/ SIMPLEX

SIMPLEX Method using MMQO

Select SIMPLEX in Linear Programming option of MMO software. Screen for “data entry
method” will appear (Fig. 4).
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cv D:\Software\MMO\START. EXE

DATA ENTRY METHOD

F

Tabular Entry

Retrieve Problem from Disk
Information Screen

Return to Main Menu

Free Form Entry

Use the Up and Down arrou keys to make your
choice, then s the [Enterl key (4>
or simply pre he highlighted letter.

Fig. 4 Screen for “Data Entry Method”
Data entry may be done by either of two different ways.

1. Free Form Entry: You have to write the equation when prompted for input.

2. Tabular Entry: Data can be input in spreadsheet style. Only the coefficients are to be

entered, not the variables.

Note that all variables must appear in the objective function (even those with a 0 coefficient);
if a variable name 1s repeated in the objective function, an error message will indicate that it
1s a duplicate and allow you to change the entry. Constraints can be entered in any order;
variables with 0 coefficients do not have to be entered; if a constraint contains a variable not
found in the objective function, an error message indicates this and allows you to make the
correction; constraints may not have negative right-hand-sides (multiply by -1 to convert
them before entering); when entering inequalities using < or >, it is not necessary to add the
equal sign (=); non-negativity constraints are assumed and do not have to be entered.
However, this information can be made available by selecting “Information Screen”.
Let us take following problem
Maximize Z =2x +3x,
Subject to x, <35,
x, —2x, =25,
x, +x,<6
x,x, 20

Thus, the second constraint is to be multiplied by -1 while entering, i.e., —x, +2x, <5. After

entering the problem the screen will appear as Fig. 5.
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=+ D:\software\MMO\START.EXE !E m

ENTER OBJECTIUE FUNCTION:
MAX  2x1+3x2

ENTER(gONSTRﬁINTS, ONE PER LINE. ENTER THE WORD GO ON THE LAST LINE.
1 x1

2 —x1+2x2<5

3 x1+x2<6

4 go_

Fig. 5 Screen after Entering the Problem.

Once you run the problem, it will show the list of slack, surplus and artificial variables as
shown in Fig. 6. Note that there are three additional slack variables in the above problem.

Press any key to continue.

I e+ D:\software\MMO\START. EXE

SLACK. SURPLUS AND ARTIFICIAL UARIABLES
ADDED TO MODEL (TABLEAU):

UARIABLE IYPE CONSTRAINI
SLACK 1
SLACK 2
SLACK 3

*ess any key to continue...

Fig. 6 List of slack, surplus and artificial variables

It will show three different options (Fig. 7):

1. No Tableau: Shows direct solutions
2. All Tableau: Shows all simplex tableau one by one
3. Final Tableau: Shows only the final simplex tableau directly
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[~ DovsoftwarewiMOSTART. EXE - [O] x|

TABLEAUS DESIRED

N
ALL TABLEAUS
FINAL TABLEAU

selected -> NO TABLEAUS

Use the Up and Down arrow keys to make vour
=)

choice. then press the [Enter] key (4
or simply press the highlighted letter.

Fig. 7 Different Options for Simplex Solution

Final simplex tableau for the present problem is shown in Fig. 8 and the final solution is

obtained as: Optimal Z =15.667 with x, =2.333 and x, =3.667 .

== D:\softwareMMO\START. EXE - [5] %]

15.667

Press any key to continue...

Fig. 8 Final Simplex Tableau

It may be noted that although MMO 1s good for classroom problems, it has limitation for
solving large-scale LP problems. For such problems, commercially available software such as

MATLAB, LINGO may be more useful.

MATILAB Toolbox for Linear Programming
Optimization toolbox of MATLAB (2001) is very popular and efficient. It includes different

types of optimization techniques. In this lecture notes, we will briefly introduce the use of
MATLAB toolbox for Simplex Algorithm. However, it is assumed that the users are aware of
basics of MATLAB.
To use the simplex method, you have to set the option as 'LargeScale' to 'off' and 'Simplex' to
'on' in the following way.

options = optimset('LargeScale’, 'off’, 'Simplex', 'on’)

10
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Then a function called ‘linprog’ is to be used. A brief MATLAB documentation is shown in

Fig. 9 for linear programming (linprog).

Optimization Toolbox m
linprog
Solve a linear programming problem
min fTx  such that A xsb
Aeq - x = beq
lb<x<ub

where f, x, b, beq, Ib, and ub are vectors and A and Aeq are matrices.

Syntax
x = linprog(f,A,b,Reqg,beqg)
x = linprog(f,A,b,Reqg,beg, 1lb, ub)
x = linprog(f,A,b,Req,beqg, 1lb, ub, x0)
x = linprog(f,A,b,Req,beqg, 1lb,ub,x0,0ptions)

[%,fval] = linprog(...)
[%x,fval,exitflag] = linprog(...)

[x,fval,exitflag,output] = linprog(...)
[x, fval, exitflag, output, lambda] = linprog(...)

Description
linprog solves linear programming problems.
x = linprog(£f,a,b) solvesmin £'+*x suchthat a*x <= b.

x = linprog(£f,2,b,R=qg,beg) solves the problem above while additionally satisfying
the equality constraints reg*x = beq. Set =[] and k=[] if no inequalities exist.

x = linprog(f,2,b,2=qg,beg,1lb,ub) defines a set of lower and upper bounds on
the design variables, x, so that the solution is always in the range 1b <= x <= ub. Set
Aeg=[] and beg=[] if no equalities exist.

x = linprog(f,A,b,RA=qg,beg,1lb,ub,x0) sets the starting point to x0. This option
is only available with the medium-scale algorithm (the Largescale optionissetto 'off’
using optimset ). The default large-scale algorithm and the simplex algorithm ignore any

starting point.

x = linprog(f,A,b,RAeq, beg,lb,ub,x0,options) minimizes with the
optimization options specified in the structure cptions. Use optimset to setthese

options.

[x,fval] = linprog(...) returns the value of the objective functionfun at the
solution x: fval = £'*x.

[%, lambda,exitflag] = linprog(...) returnsavalueexitflag thatdescribes
the exit condition.

[%, lambda,exitflag,output] = linprog(...) retumns a structure cutput that

contains information about the optimization.

Fig. 9 MATLAB Documentation for Linear Programming

Further details may be referred from the toolbox. However, with this basic knowledge, simple

LP problems can be solved. Let us consider the same problem as considered earlier.

11
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Maximize Z =2x, +3x,
Subject to x, <35,
X, —2x, 25,
x, +x,<6

x,x, 20

Following MATLAB code will give the solution using simplex algorithm.

clear all

f=[-2 -3]; %Converted to minimization problem

A=[1 0;-1 2;1 11];

b=[5 5 6];

1b=[0 0]:

options = optimset('LargeScale', 'off', 'Simplex', 'on');:
[%x,fval]l=linprog(f,A,b,[]1,[]1,1b);

z=—fval $Multiplied by -1

X

Note that objective function should be converted to a minimization problem before entering
as done in line 2 of the code. Finally, solution should be multiplied by -1 to the optimized

(maximum) solution as done in last but one line. Solution will be obtained as Z =15.667

with x, =2.333 and x, =3.667 as in the earlier case.

LINGO
LINGO is tool to solve linear, nonlinear, quadratic, stochastic and integer optimization

models. LINGO can be downloaded from http://www.lindo.com. The key benefits of LINGO

are: easy model expression, convenient data options, powerful solvers, extensive
documentation and help.
Let us consider the same problem

Maximize Z =2x, +3x,

Subject to x, <5,
X, —2x, 25,
x, +x,<6
x,x, 20
The LINGO formulation is:

Max = 2*x+ 3*y;

X<=5;

X=2%y>=-5;

X+y<=6;

x>=0;

y>=0;

The solution report from LINGO is shown in figure 10.

12
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2. Lingo 12.0 - [Solution Report - Lingo1]
File Edit LINGO Window Help

D=dg | |8 -

| dEro| O

G

x| Bs|E 2w

Global optimal solution found.
Ohjective wvalue:
Infeasibilities:

Total solver iterations:

Model Class:

Total variables: 2
Nonlinear wariables: 0
Integer variables: 0
Total constraints: 6
Nonlinear constraints: u]
Total nonzeros: =]
Nonlinear nohzeros: u]
Variable

1

X2

Romw

1

2

3

<

5

6

[Ready

15.66667
0.000000
2

LP

Value
2.333333
3.666667

Slack or Surplus

15.66667
2.666667
0.000000
0.000000
2.333333
3.666667

MUM

Ln 12, Col 29

Reduced Cost
0.000000
0.000000

Dual Price
1.000000
0.000000

-0.3333333
2.333333
0.000000
0.000000

9:50 pm

[>

Fig. 10 Solution report from LINGO

Solution obtained 1s Z =15.667 with x, =2.333 and x, =3.667 as 1n the earlier case.

13
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