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Water Allocation - 1

Introduction

As discussed in previous lecture notes, in dynamic programming, a problem is handled as a
sequential process or a multistage decision making process. In this lecture, we will explain
how a water allocation problem can be represented as sequential process and can be solved

using backward recursion method of dynamic programming.

Water allocation problem

Consider a canal supplying water to three fields in which three different crops are being
cultivated as shown in figure 1. The maximum capacity of the canal is given as Q units of
water. The three fields can be denoted as i=1,2,3 and the amount of water allocated to each

field as x;.

Field 3

Field 1
Field 2

Fig. 1 Water allocation

The net benefits from producing the crops in each field are given by the functions below.

NB,(x,) = 5x,—0.5x,
NB,(x,)=8x, —1.5x,
NB,(x;)=Tx, —x;
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The problem 1s to determine the optimal allocations x; to each field that maximizes the total
net benefits from all the three crops. This type of problem is readily solvable using dynamic

programming.

The first step in the dynamic programming is to structure this problem as a sequential
allocation process or a multistage decision making procedure. The allocation to each crop is
considered as a decision stage in a sequence of decisions. If the amount of water allocated
from the total available water O, to crop i is x;, then the net benefit from this allocation is

NBi(x;). Let the state variable S; define the amount of water available to the remaining (3-i)

crops. The state transformation equation can be written as S, =S, —x; defines the state in

the next stage. Figure 2 below shows the allocation problem as a sequential process.

Remaining
Quantity,
Available B S3=85-x Sy=83-x3
Quantity, S§2= 8- %1
Sj' = Sz
X7 X2 X3
Crop 1 Crop 2 Crop 3
Net Benefits, Net Benefits, Net Benefits,
NB} (x;) NB_? (x_a) NB_; (JCg)

Fig. 2 Sequential process of allocation

The objective function for this allocation problem is defined to maximize the net benefits,

3
1.e., max ZNB;' (x,). The constraints can be written as
=1

X +x,+x, <0
0<x, <0 fori=123
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Let f,(Q)be the maximum net benefits that can be obtained from allocating water to crops

1,2 and 3. Thus,

3
fi(0)= max {ZNB;(x,)}
peEhie I

Transforming this into three problems each having only one decision variable,

SO = max | NB|(x,)+ max NB,(x,)+ max  NBi(x;)

X R 3
0<y, €0 0<x,<0-x, =S, 053,25, —x,=5;

Backward recursive equations

Considering the last term of this equation, let f;(S,) be the maximum net benefits from crop

3. The state variable for this stage is S, which can vary from 0 to Q. Therefore,

f3(8;5) = max NB, (x;)

0=x, <83

Since S, =8, —x,, [,(S,)=/,(S,—x,). Thus f (QO) can be rewritten as

f1(Q) = max| NB(x)+ max ﬂVBg(xz)H}(Sz—xzﬂ

05x,50 0<x,£0-x,=5,

Now, let f,(S,) be the maximum benefits derived from crops 2 and 3 for a given quantity S,

which can vary between 0 and Q. Therefore f,(S,) can be written as,

A= max {NB,()+ (53

0<x,<0-x,=5,

Again, since S, =0 —x,, f,(Q) which is the maximum total net benefit from the allocation to

the crops 1, 2 and 3, can be rewritten as
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£10) = max [NB,(x)+ £,(0—x)]

0=x;=0

Now, once the value of f(S;)is calculated, the value of f,(S,)can be determined, from

which f (Q) can be determined.

Forward recursive equations

The problem explained above can also be solved using a forward proceeding manner. Let the

function £ (S,)be the total net benefit from crops / to i for a given input of S which is
allocated to those crops. Considering the first stage alone,

£,(S)) =max NB,(x))

N
n<S;

Since, the value of S, is not known (except that S, should not exceed Q), the equation above
has to be solved for a range of values from 0 to Q. Now, considering the first two crops

together, with S, units of water available to these crops, f,(S,) can be written as,

£2(8,) = max [NB,(x,) + £,(S, —x,) ]

<S8,

This equation also should be solved for a range of values for S, from 0 to Q. Finally,

considering the whole system i.e., crops 1, 2 and 3, f,(S,) can be expressed as,

f:(83) = n}ax [NBs(xs)"'fz(Ss 7x3)]

X3 <85;=0

Here, if it i1s given that the whole O units of water should be allocated, then the value of S,

can be taken as equal to Q. Otherwise, f,(S,)should be solved for a range of values from 0 to

0.

The basic equations for the water allocation problem using both the approaches are discussed.

A numerical problem and its solution will be described
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Water Allocation - I

Introduction

In the previous topic , recursive equations for a basic water allocation problem were
developed for both backward recursion and forward recursion. This lecture will further

explain the water allocation problem by a numerical example.

Numerical problem and solution

Consider the example previously discussed with the maximum capacity of the canal as 4
units. The net benefits from producing the crops for each field are given by the functions

below.

NB,(x,) =5x, - 0.5x,
NB,(x,)=8x, - 1.5x,"
NB,(x,)=Tx, —x,"

The possible net benefits from each crop are calculated according to the functions given and

are given in Table 1.

Table 1
X, NB (x)) NB,(x,) NB,(x;)
0 0.0 0.0 0.0
| 45 6.5 6.0
2 8.0 10.0 10.0
3 10.5 10.5 12.0
4 12.0 8.0 12.0

The problem can be represented as a set of nodes and links as shown in the figure 1. The

nodes represent the state variables and the links represent the decision variables.
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Xg X X3

4 2 /2\ 2 2
3 W
4 1 1
\Ql UhN
0 \OJ 0 0

Crop 1 Crop 2 Crop 3

Fig. 1 Representation as nodes and links

The values inside the nodes show the value of possible state variables at each stage. Number
of nodes for any stage corresponds to the number of discrete states possible for each stage.
The values over the links show the different values taken by decision variables corresponding
to the value taken by state variables. It may be noted that link values for all links are not

shown 1in the above figure.

Solution using Backward Recursion:

Starting from the last stage, the suboptimization function for the 31 crop is given as,

/3(S;) = max NB,(x,) with the range of §; from 0 to 4.

]
0=x, <8,

The calculations for this stage are shown in the table 2.
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Table2
State NB;(x;)

£(Sy) X,
S; X, 0 1 2 3 4
0 0 0 0
1 0 6 6 1
2 0 6 10 10 2
3 0 6 10 12 12 3
4 0 6 10 12 12 12 3.4

Next, by considering last two stages together, the suboptimization function is

f3(52)=ﬂ'{aXENBE(x3)+fi(Sz —.‘{3)].

42
nes,

This 1s solved for a range of S, values from O to 4. The value of f;(S, —x,)1s noted from

the previous table. The calculations are shown in Table 3.

Table 3
fz(sz) =
State S, X, NB,(x,) (S,—x) fi(S,—x;,)  NBy(x;)+  £(S,) X,
f3(S,—x,)
0 0 0 0 0 0 0 0
0 0 1 6 6
1 6.5 1
1 6.5 0 0 6.5
0 0 2 10 10
2 1 6.5 1 6 12.5 12.5 1
2 10 0 0 10
0 0 3 12 12
1 6.5 2 10 16.5
3 16.5 1
2 10 1 6 16
3 10.5 0 0 10.5

Table contd. on next page
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0 0 4 12 12
1 6.5 3 12 18.5
4 2 10 2 10 20 20 2
3 10.5 1 6 16.5
4 8 0 0 8

Finally, by considering all the three stages together, the sub-optimization function is

/1(Q) = max [NBI(-Y1)+ fz(Q—xl)]. The value of S; =0 =4. The calculations are shown in

{}s_\-llgg
the table 4.
Table 4
State A(S)= .
5.=0 Xy NB,(x,) (O-x) f(0-x)) NB,(x,)+ S (S) X
b fj(Q_ 3{'1)

0 0 4 20 20

1 45 3 16.5 21
4 2 8 2 12.5 20.5 21 1

3 10.5 1 6.5 17

4 12 0 0 12

Now, backtracking through each table to find the optimal values of decision variables, the
optimal allocation for crop 1, x,” = 1 for a S, value of 4. This will give the value of S,
as S, =8, —x, =3. From Table 3, the optimal allocation for crop 2, x, for S, =3 1s 1. Again,
S;=8,-x,=2. Thus, x;* from Table 2 is 2. The maximum total net benefit from all the

crops 1s 21. The optimal solution is given below.
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Solution using Forward Recursion:

While starting to solve from the first stage and proceeding towards the final stage, the

suboptimization function for the first stage is given as,

£(8) = m_axNBl(xl) .

=8

The range of values for S 1s from 0 to 4.

Table S
State S, X, NB,(x,) £7(S,) X,
0 0 0 0 0
0 0
1 4.5 1
1 4.5
0 0
2 1 45 8 2
2 8
0 0
1 4.5
3 10.5 3
2 8
3 10.5
0 0
1 45
4 2 8 12 4
3 10.5
4 12
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Now, considering the first two crops together, f,(S,) can be written as,

/>(S,) =max ﬂ\le(xj)Jr £(S, —x, )] with S, ranging from 0 to 4. The calculations for this

1=,

stage are shown in Table 6.

Table 6
£(8,)=
State S, X, NB,(x,) (S,—-x,)  fi(S,—x,)  NB,(x,)+  f'(S,) X,
f(S,—x,)
0 0 0 0 0 0 0 0
0 0 1 4.5 4.5
1 6.5 1
1 6.5 0 0 6.5
0 0 2 8 8
2 1 6.5 1 4.5 11 11 1
2 10 0 0 10
0 0 3 10.5 10.5
1 6.5 2 8 14.5
3 14.5 12
2 10 1 4.5 14.5
3 10.5 0 0 10.5
0 0 4 12 12
1 6.5 3 10.5 17
4 2 10 2 8 18 18 2
3 10.5 1 4.5 15
4 8 0 0 8

Now, considering the whole system 1.e., crops 1, 2 and 3, f;(S;) can be expressed as,

f3(S;)= max [NB, (x,) + £, (S, — x,) | with the value of S,=4.

X £§ =0

10
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The calculations are shown in Table 7.

Table7
f3(S85) =
State S, X NB;(x;) Sy—x;  [(S5—x)  NBi(x)+  £7(S5) Xy
f5(8;—xy)
0 0 4 18 18
1 6 3 14.5 20.5
4 2 10 2 11 21 21 2
3 12 1 6.5 18.5
4 12 0 0 12

In order to find the optimal solution, a backtracking is done. From Table 7, the optimal value

of x;* 1s given as 2 for the S, value of 4. Therefore, S, =S5;—x; =2. Now, from Table 6,

the value of x,” =1. Then, S, =S, —x, =1 and from Table 3, for S, =1, the value of x," =1.

Thus, the optimal values determined are shown below.

fr=21

’
x, =1

These optimal values are same as those we got by solving using backward recursion method.

11
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