CORPORATE FINANCE
                                          Week 2: TIME VALUE OF MONEY
Lecturer: Dr. Charity Njoka (PhD)

Lecture Learning Outcomes
At the end of this lesson you will be able to,  
1. Calculate Present value of lumpsum amounts
2. Calculate Present value of annuities
3. Calculate the present and future values of annuities
4. Determine the amount of savings  required to maintain current spending

1.1 Present Value Concept
This concept acknowledges the fact that a dollar losses value with time and as such if it is to be compared with a dollar to be received in Nth year, then the two must be at the same values.  This means that an investor’s analytical power is increased by his/her ability to compare cash inflows and outflows separated from each other by time.  He/she should be able to work in the reverse direction i.e. from future cash flows to their present values.
Illustration:  Money is normally invested to earn interest. If you are offered the choice between $100,000 now and $100,000 at the end of the year, you would naturally take the money now to get a year’s interest. Financial managers make the same point when they say that money in hand today has a time value or when they quote perhaps the most basic financial principle: 
One dollar today is worth more than a dollar tomorrow

1.1.1 Present Value of a Lumpsum/Single Amount
A lump-sum payment is an amount paid all at once, as opposed to an amount that is paid in instalments. Usually an investor would wish to know in today’s terms ie current value/ present value of his future receipts. 

The process of determining the present value of a payment or a stream of payments that are to be received in future is known as discounting. Hence discounting is the process of determining the present value of a payment or a stream of payments that is to be received in the future. Given the time value of money, a dollar is worth more today than it would be worth tomorrow.  In this situation the investor would have to decide at what rate of discount also known as time preference rate, he/she will use to discount the anticipated lumpsum.

Present Value (PV) of a lumpsum is given by 
.	Where:
		PV = Present value
		L   = Lumpsum
		r  = Cost of finance or time preference rate
		t  = given year.

Illustration 1

What is the present value of $1, given the time preference rate of 10%, to be received at the end of year 1;       
     
 =  = 0.909

Also, the present value of a dollar to be received at a given point in time can in addition to using the above formula, be found using the present value tables.  
See Table 1 attached at the end of this lecture.

Present value = future value after t periods/(1 + r)t. In this context the interest rate r is known as the discount rate and the present value is often called the discounted value of the future payment. To calculate present value, we discount the future value at the interest r.


PV Table of Lump sum Extract

	No. of Years
	Interest Rate per Year

	
	5%
	6%
	7%
	8%
	9%
	10%

	1
	0.952
	0.943
	0.935
	0.926
	0.917
	0.909

	2
	0.907
	0.890
	0.873
	0.857
	0.842
	0.826

	3
	0.864
	0.840
	0.816
	0.794
	0.772
	0.751

	4
	0.823
	0.792
	0.763
	0.735
	0.708
	0.683

	5
	0.784
	0.747
	0.713
	0.681
	0.650
	0.621

	10
	0.614
	0.558
	0.508
	0.463
	0.422
	0.386




Illustration 2
Compute the present value of a $100 cash flow for the following combinations
of discount rates and times:
a) . r = 8 percent. t = 5 years
b) . r = 7 percent. t = 10 years
c) . r = 5 percent. t = 4 years

Solutions   
a) 100* 0.681= 68.1
b) 100* 0.508=50.8
c) 100*0.823 = 82.3


1.1.2 Present Value of Annuities
Future value is the value of an asset at a specific date in future. It measures the nominal future sum of money that a given sum of money is ‘worth’ at a specified time in future assuming a certain interest rate/ rate of return. Actually the future value does not include corrections for inflation or other factors that affect the true value of money in future.  
An annuity is an equally spaced level stream of cash flows. For example, a 4-year car loan might require 48 equal monthly payments of say $ 1000 per month.  Any such sequence of equally spaced, level cash flows is called an annuity. 

There are two types of annuities;
1. Those that occur at the end of the period and start in the first period (a week, month, year). For example; salaries, dividends etc NB. These are known as Ordinary  Annuity
In this course we shall focus on this annuity

2. Those that occur at the end of the period but DO NOT start in the first period (a week, month, year). These are known as Delayed  Annuity
In this course we shall focus on this annuity

3. Those that occur at the beginning of the period (a week, month, year etc). For example, Rent Payments. These are known as Annuity Due 

4. There is a special annuity known as Perpetuity. This is a stream of level cash payments that never ends. It is an annuity that never ends, in other words lasts forever.

An annuity is a cash flow stream in which the cash flows are regular and happen at regular intervals. To be considered an annuity, the following conditions must be met:
· The periodic payment must be equal in amount
· The time period between payments should be constant
· The interest rate per year remains constant
· The interest is compounded at the end of each time period






Illustration 2
Mary won a Jackpot in a casino that was to be paid in 10 annual installments of $465,000 each. The interest rate at the time was about 8 percent.

What is the present value of the jackpot? 
The present value of these payments is simply the sum of the present values of each payment. But rather than valuing each payment separately, it is much easier to treat the cash payments as a 10-year annuity. We can use the formula to value this annuity and we simply multiply $465,000 by the 10-year annuity factor
We can use the Formula or the PVA table extract. See Table 2 at the end of these lecture notes

Present Value of Annuity Extract
	No. of Years
	              Interest Rate per Year                    

	
	5%
	6%
	7%
	8%
	9%
	10%

	1
	0.952
	0.943
	0.935
	0.926
	0.917
	0.909

	2
	1.859
	1.833
	1.808
	1.783
	1.759
	1.736

	3
	2.723
	2.673
	2.624
	2.577
	2.531
	2.487

	4
	3.546
	3.465
	3.387
	3.312
	3.240
	3.170

	5
	4.329
	4.212
	4.100
	3.993
	3.890
	3.791

	10
	7.722
	7.360
	7.024
	6.710
	6.418
	6.145



Summary
How to Value Annuities Cash Flows
Year:                                 1       2        3       4      5      6 ...         Present Value
1. Perpetuity A                   $1    $1      $1     $1    $1     $1 . . .       1/ r 
2. Perpetuity B                                     $1     $1     $1 . . .              1/r(1 + r)3
3. Three-year annuity         $1    $1     $1                                      1/r- 1/ r(1 + r)3

2.1 Future Value Concept 

The future value (FV) is the amount to which an investment will grow after earning interest.  
 Knowing the future value enables investors to make sound investment decisions based on their anticipated needs. However, external economic factors, such as inflation, can adversely affect the future value of the asset/investment by eroding its value.

Future Value of Lump sum

The future value (FV) is the amount to which an investment will grow after earning interest.  

Illustration 1

Suppose you have $100 invested in a bank account and that the banks are currently paying an interest rate of 6 percent per year on deposits. What is your interest after one year?

Solution
Interest = interest rate * initial investment; = 0.06 * $100 = $6, hence the value of your investment will grow to $106 by the end of the year i.e. $100 *$6 = $106

What if you leave this money in the bank for a second year? 
Your balance, now $106, will continue to earn interest of 6 percent. So interest in Year 2 = 0.06 *$106 = $6.36. You start the second year with $106 on which you earn interest of $6.36. So by the end of the year the value of your account will grow to $106 + $6.36 = $112.36. In the first year your investment of $100 increases by a factor of 1.06 to $106; in the Second year the $106 again increases by a factor of 1.06 to $112.36. Thus the initial $100 investment grows twice by a factor 1.06: Value of account after 2 years = $100 *1.06 *1.06 = $100 * (0.06)2 = $112.36

What if you keep your money invested for a third year? 
If you keep your money invested for a third year, your investment multiplies by 1.06 each year for 3 years. By the end of the third year it will total $100 *(1.06)3 = $119.10, If your investment horizon is t years, the original $100 investment will grow to $100 *(1.06)t. For an interest rate of r and a horizon of t years, the future value of your investment will be 
Future value of $100 = $100 _ (1 + r)t

Notice in our example that your interest income in the first year is $6 (6 percent of $100), and in the second year it is $6.36 (6 percent of $106). Your income in the second year is higher because you now earn interest on both the original $100 investment and the $6 of interest earned in the previous year. Earning interest on interest is called compounding or compound interest. In contrast, if the bank calculated the interest only on your original investment, you would be paid simple interest.

Future Value of Single Amount Extract

	No. of Years
	Interest Rate per Year

	
	5%
	6%
	7%
	8%
	9%
	10%

	1
	1.0500
	1.0600
	1.0700
	1.0800
	1.0900
	1.1000

	2
	1.1025
	1.1236
	1.1449
	1.1664
	1.1881
	1.2100

	3
	1.1576
	1.1910
	1.2250
	1.2597
	1.2950
	1.3310

	4
	1.2155
	1.2625
	1.3108
	1.3605
	1.4116
	1.4641

	5
	1.2763
	1.3382
	1.3382
	1.4026
	1.5386
	1.6105

	10
	1.6289
	1.7908
	1.7908
	1.9672
	2.3674
	2.5937




2.1.2 Future Value of Annuity
Annuity is a cash flow stream in which the cash flows are regular and happen at regular intervals. To be considered an annuity, the following conditions must be met:
· The periodic payment must be equal in amount
· The time period between payments should be constant
· The interest rate per year remains constant
· The interest is compounded at the end of each time period

Illustration 1
You want to buy a car in four years’ time. So you are setting aside $3,000 (in a bank account) at the end of every year in order to buy your dream car. If your savings earn interest of 8 percent a year, how much money will be in your bank account at the end of the four years, assuming that you are not making any withdrawals from the bank?

Your first year’s savings will earn interest for 3 years, the second will earn interest for 2 years, the third will earn interest for 1 year, and the final savings in Year 4 will earn no interest. 
The sum of the future values of the four payments is
($3,000 *1.08) 3+ ($3,000 *1.08)2 + ($3,000 *1.08)1 + $3,000 = $13,518

NB: We have used Future value of single amount formula/ Table  
This can be calculated using the following formula,
Future value of the annuity can be calculated using the following formula,

Future value of annuity of $1 a year= (1 + r)t – 1
                                                                       r

The term       (1 + r)t – 1  
                           r                             is known as the compounding factor

Hence the future value of an annuity of $ 3000 for 4 years can be calculated as follows,
                                                                     $ 3000* (1 + r)t – 1
                                                                                         r

                                                                        = $ 3000* (1 + 8%)3 – 1
                                                                                               8%
Compounding factors have been calculated for a single unit of currency, e.g $, are shown in Table 4  appearing at the end of this week’s lecture notes. 



FV Table of Annuity  Extract

	No. of Years
	Interest Rate per Year

	
	5%
	6%
	7%
	8%
	9%
	10%

	1
	1.000
	1.000
	1.000
	1.000
	1.000
	1.000

	2
	2.050
	2.060
	2.070 
	 2.080 
	2.090
	 2.100

	3
	3.153
	3.184
	3.215 
	3.246 
	3.278 
	 3.310

	4
	4.310
	4.375
	4.440 
	 4.506 
	4.573
	 4.641

	5
	5.526
	5.637
	5.751
	 5.867 
	5.985 
	 6.105

	10
	12.578
	13.181  
	13.816 
	14.487
	15.193 
	15.937



You can see that in the row corresponding to t = 4 and the column corresponding to r = 8%, the future value of an annuity of $1 a year is $4.506. Therefore, the future value of the $3,000 annuity is, $3,000 *4.506 = $13,518.

Illustration 2
For example, consider an investment which promises to pay $100 one year from now, another $100 two years from now, another $100 three years from now and another $100 four years from now. How much will be the future value of the cash streams at the end of year four, given that the interest rate is 10%?

Solution
Formula for future value of ordinary annuity,


Where,
A - Annuity
FVA – Future value of an annuity
r – Rate  of return
t – Number of time periods
 – This is the future value interest factor of an annuity (FVIFA)
Solution
Substitute the appropriate numbers 
= 100  +100   +100 + 100 
= $ 610.51

We can also use the Future value annuity Table and the answer will be 
$ 100 * 6.1051 = $ 610.51

4.1. Present Value and Future Value Compared

· Present value factors are reciprocals of future value factors
· Interest rates and future value are positively related
· Interest rates and present value are negatively related
· Time period and future value are positively related
· Time period and present value are negatively related












PRESENT VALUE AND FUTURE VALUE TABLES 
Table 1: Present Value of a Lump sum
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[image: ]Table 2: Present Value of an Annuity
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Table 3: Future Value of a Lump sum 
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Table 4: Future Value of an Annuity
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Cumulative present value of $1 per annum, Receivable or Payable at the end of each year for n

A=(t+r)"
years ——
Periods Interest rates (r)
(n) 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
1 0990 0980 0971 0962 0952 0943 0935 0926 0917 0909
2 1970 1942 1913 1.886 1.859 1.833 1.808 1783 1759  1.736
3 2941 2884 2829 2775 2723 2673 2624 2577 2531 2487
4 3.902 3.808 3.717 3.630 3.546 3.465 3.387 3.312 3.240 3.170
5 4.853 4.713 4.580 4.452 4.329 4.212 4.100 3.993 3.890 3.791
3 5795 5601 5417 5242 5076 4917 4767 4623 4486  4.355
7 6.728 6.472 6.230 6.002 5.786 5.582 5.389 5.208 5.033 4.868
8 7.652 7.325 7.020 6.733 6.463 6.210 5.971 5.747 5.535 5.335
9 8.566 8.162 7.786 7.435 7.108 6.802 6.515 6.247 5.995 5.759
10 9.471 8.983 8.530 8.111 7722 7.360 7.024 6.710 6.418 6.145
" 10.368 9.787 9.253 8.760 8.306 7.887 7.499 7.139 6.805 6.495
12 11.255 10.575 9.954 9.385 8.863 8.384 7.943 7.536 7.161 6.814
13 12,134  11.348  10.635 9.986 9.394 8.853 8.358 7.904 7.487 7.103
14 13.004 12106 11296 10.563 9.899 9.295 8.745 8.244 7.786 7.367
15 13.865 12.849 11.938 11.118 10.380 9.712 9.108 8.559 8.061 7.606
16 14718 13.578 12561 11.652 10.838 10.106 9.447 8.851 8.313 7.824
17 15.562 14.292 13.166 12.166 11.274 10477 9.763 9.122 8.544 8.022
18 16.398 14.992 13754 12.659 11.690 10.828 10.059 9.372 8.756 8:201
19 17.226 15679 14.324 13.134 12,085 11.158 10.336 9.604 8.950 8.365
20 18.046 16.351 14.878 13.590 12462 11470 10.594 9.818 9.129 8.514
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Interest rates (r)

(n) 1%  12%  13%  14%  15%  16%  17%  18% _ 19% _ 20%
1 0901 0893 0885 0877 0870 0862 0855 0847 0840 0833
2 1713 1690 1668 1647 1626 1605 1585 1566 1547 1528
3 2444 2402 2361 2322 2283 2246 2210 2474 2140 2106
4 3102 3037 2974 2914 2855 2798 2743 2690 2639  2.589
5 3696 3605 3517 3433 3352 3274 3199 3127 3058 2991
5 4231 4111 3998 3889 3784 3685 3589 3498 3410 3326
7 4712 4564 4423 4288 4160 4039 3922 3812 3706 3605
8 5146 4968 4799 4639 4487 4344 4207 4078 3954  3.837
9 5537 5328 5132 4946 4772 4607 4451 4303 4163  4.031

10 5889 5650 5426 5216 5019 4833 4659 4494 4339 4192

1 6207 5938 5687 5453 5234 5029 4836 4656 4486  4.327

12 6492 6194 5918 5660 5421 5197 4988 7793 4611 4439

13 6750 6424 6122 5842 5583 5342 5118 4910 4715 4533

14 6982 6628 6302 6002 5724 5468 5229 5008 4802 4611

15 7491 6811 6462 6142 5847 5575 5324 5092 4876 4675

16 7379 6974 6604 6265 5954 5668 5405 5162 4938 4730

17 7549 7420 6729 6373 6047 5749 5475 5222 4990 4775

18 7702 7250 6840 6467 6128 5818 5534 5273 5033 4812

19 7839 7.366 6938 6550 6198 5877 5584 5316 5070 4843

20 7.963 7469 7025 6623 6259 5929 5628 5353 5101 4870
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Present value of $1, that is (1 + r)’" where r = interest rate; n = number of periods until
payment or receipt.

Periods Interest rates (r)
(n) 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
1 0.990 0.980 0.971 0.962 0.952 0.943 0.935 0.926 0.917 0.909
2 0.980 0.961 0.943 0.925 0.907 0.890 0.873 0.857 0.842 0.826
3 0.971 0.942 0.915 0.889 0.864 0.840 0.816 0.794 0.772 0.751
4 0.961 0.924 0.888 0.855 0.823 0.792 0.763 0.735 0.708 0.683
5 0.951 0.906 0.863 0.822 0.784 0.747 0.713 0.681 0.650 0.621
6 0.942 0.888 0.837 0.790 0.746 0705 0.666 0.630 0.596 0.564
7 0.933 0.871 0.813 0.760 0.711 0.665 0.623 0.583 0.547 0.513
8 0.923 0.853 0.789 0.731 0.677 0.627 0.582 0.540 0.502 0.467
9 0.914 0.837 0.766 0.703 0.645 0.592 0.544 0.500 0.460 0.424
10 0.905 0.820 0.744 0.676 0.614 0.558 0.508 0.463 0.422 0.386
" 0.896 0.804 0.722 0.650 0.585 0.527 0.475 0.429 0.388 0.350
12 0.887 0.788 0.701 0.625 0.557 0.497 0.444 0.397 0.356 0.319
13 0.879 0.773 0.681 0.601 0.530 0.469 0.415 0.368 0.326 0.290
14 0.870 0.758 0.661 0.577 0.505 0.442 0.388 0.340 0.299 0.263
15 0.861 0.743 0.642 0.555 0.481 0.417 0.362 0.315 0.275 0.239
16 0.853 0.728 0.623 0.534 0.458 0.394 0.339 0.292 0.252 0.218
17 0.844 0.714 0.605 0.513 0.436 0.371 0.317 0.270 0.231 0.198
18 0.836 0.700 0.587 0.494 0.416 0.350 0.296 0.250 0.212 0,180,
19 0.828 0.686 0.570 0.475 0.396 0.331 0.277 0.232 0.194 0.164
20 0.820 0.673 0.554 0.456 0.377 0.312 0.258 0.215 0.178 0.149
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Interest rates (r)

Periods
(n) 11% 12% 13% 14% 15% 16% 17% 18% 19% 20%
1 0.901 0.893 0.885 0.877 0.870 0.862 0.855 0.847 0.840 0.833
2 0.812 0.797 0.783 0.769 0.756 0.743 0.731 0.718 0.708 0.694
3 0.731 0.712 0.693 0.675 0.658 0.641 0.624 0.609 0.593 0.579
4 0.659 0.636 0.613 0.592 0.572 0.552 0.534 0.516 0.499 0.482
5 0.593 0.567 0.543 0.519 0.497 0.476 0.456 0.437 0.419 0.402
6 0.535 0.507 0.480 0.456 0.432 0.410 0.390 0.370 0.352 0.335
7 0.482 0.452 0.425 0.400 0.376 0.354 0.333 0.314 0.296 0.279
8 0.434 0.404 0.376 0.351 0.327 0.305 0.285 0.266 0.249 0.233
9 0.391 0.361 0.333 0.308 0.284 0.263 0.243 0.225 0.209 0.194
10 0.352 0.322 0.295 0.270 0.247 0.227 0.208 0.191 0.176 0.162
" 0.317 0.287 0.261 0.237 0.215 0.195 0.178 0.162 0.148 0.135
12 0.286 0.257 0.231 0.208 0.187 0.168 0.152 0.137 0.124 0.112
13 0.258 0.229 0.204 0.182 0.163 0.145 0.130 0.116 0.104 0.093
14 0.232 0.205 0.181 0.160 0.141 0.125 0.111 0.099 0.088 0.078
15 0.209 0.183 0.160 0.140 0.123 0.108 0.095 0.084 0.079 0.065
16 0.188 0.163 0.141 0.123 0.107 0.093 0.081 0.071 0.062 0.054
17 0.170 0.146 0.125 0.108 0.093 0.080 0.069 0.060 0.052 0.045
18 0.153 0.130 0.111 0.095 0.081 0.069 0.059 0.051 0.044 0.038
19 0.138 0.116 0.098 0.083 0.070 0.060 0.051 0.043 0.037 0.031
20 0.124 0.104 0.087 0.073 0.061 0.051 0.043 0.037 0.031 0.026





