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CORPORATE FINANCE 

WEEK 6: PORTFOLIO THEORY


Instructor: Dr. Charity Njoka (PhD)

At the end of this lesson you should be able to:

1. Understand the concept of covariance and correlation
2.  Calculate the expected return and risk for a portfolio.
3. Explain the concept of efficient portfolio

1.1 Introduction		
  The basic portfolio model was developed by Harry Markowitz, who derived the expected rate of return for a portfolio of assets and an expected risk measure.  Under the Markowitz assumptions, a single asset or portfolio of assets is considered to be efficient if no other asset or portfolio of assets offers higher expected return with the same (or lower) risk, or lower risk with the same (or higher) expected return. Although there are numerous potential measures of risk, the variance or standard deviation of returns is used because (1) this measure is somewhat intuitive, (2) it is a correct and widely recognized risk measure, and (3) it has been used in most of the theoretical asset pricing models.

 That is, we did not consider the synergistic effects of assets held together.  This will, however, be considered in this lesson.

1.1.1 Definitions
A portfolio is a combination of assets held by the investor for investment purposes.  Portfolio theory therefore attempts to show an investor how to combine a set of assets to maximise the assets' returns as well as minimise the assets' risk (Risk Diversification).  

Diversification is defined as combining assets whose returns are not perfectly positively correlated to reduce the aggregate risk of the total asset holdings (or the portfolio).

1.2 PORTFOLIO EXPECTED RETURN
If the investor holds only two assets in the portfolio, we can therefore be able to compute the portfolio's expected return (sometimes referred to as the portfolio mean).  This will be a weighted average of the expected return of each asset held in isolation, and can be given by the following formula:

	E(RP)  =  E(αXA + ßXB) ... (.a)
	Where	(E(RP) is the expected portfolio return
		α	is the investment in asset A
		ß	is the investment in asset B
		XA	is the expected return of asset A
		XB	is the expected return of asset B

Formula (a) can be simplified as follows:

	E(RP)  =  αEXA + ßEXB ... (b)

Not also that α + ß = 1.  This is because all the investor's wealth is invested in either asset A or asset B.

Illustration One
Consider two investments, A and B each having the following investment characteristics;

	Investment		Expected Return (%)	  Proportion
	 A			10				2/3
	 B			20			            1/3

REQUIRED:
Compute the expected return of a portfolio of the two assets.

Solution
Using formula (.b)		

Note	α = 2/3	ß = 1/3
	EXA = 10	EXB = 20

	E(RP)	=	 2  (10%)  +	 1  (20%)
			3		 3

		=	13.3%

Note that the expected return is a weighted average of the expected return of assets held in isolation.


1.3	PORTFOLIO STANDARD DEVIATION

Remember that standard deviation is a measure of risk of the investment.  Portfolio standard deviation therefore measure the risk of investing in a combination of assets.

The portfolio standard deviation is not a weighted average of standard deviations of assets held in isolation.  This is because of the inter-relatedness of the assets, which reduces the risk when assets are held together.  This relationship is measured by the correlation co-efficient (τ),

The coefficient of correlation (τ) lies between -1 and +1.  Therefore -1  τ +1.

If τAB = +1, this means that A and B are perfectly positively correlated and therefore the outcomes of A and B move in the same direction at the same time.

If τAB = -1, then A and B are perfectly negatively correlated and their results are inversely related.  That is they move in opposite directions simultaneously.

If we consider the two asset case, then the portfolio standard deviation  can be given by the following formula.


	
	Where	a is the weight of/amount invested in asset A
			b is the weight of/amount invested in asset B
			δA is the standard deviation of A
			δB is the standard deviation of B
			τAB is the correlation coefficient of asset A and B

Illustration Two

Consider two investments A & B each having the following characteristics:

		Investment		Expected Return (%)		  Proportion
		  A					20						2/3
		  B					40						1/3

REQUIRED:
Compute the portfolio standard deviation if the correlation coefficient between the assets is

a.	 1
b.	 0
c.	-1



Solution
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Using formula (c) we can compute the portfolio standard deviation as follows:

	
Note that the standard deviation depends on the correlation coefficient if the proportion of investment is fixed.  Therefore if 

a.	rAB  =  1

	δA+B =  (0.036 + 0.036)	=	26.8%

b.	If rAB  =  0 then

	δA+B	=	(0.036)	=	18.7%

c.	If rAB  =  -1

	δA+B	=	(0.036 - 0.036)	=	0	=	0

	There is no risk at all.

Note:  If assets are perfectly negatively correlated then holding them in a portfolio greatly reduces their risk.

1.4 COVARIANCE AND THE CORRELATION COEFFICIENT

We have already introduced the correlation coefficient.  We shall consider the Covariance and its relationship with the correlation coefficient.

The covariance is a measure which reflects both the variance of an asset's returns and the tendency of those returns to move up and down at the same time other assets move up or down.  The covariance between two asset's return can be given by the following formula:
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Where	Cov(AB)	is the covariance between And B
		RAi		is the return on asset A under the Ith state.
		E(RA)		is the expected return of A
		RBi		is the return on asset B under the ith state
		E(RB)		is the expected return of B
		Pi		is the probability of the ith state.

The correlation coefficient can be given by the following formula.
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Illustration Three
Four assets have the following distribution of returns.

	Probability			Rate of return (%)
	Occurrence	A	B	C	D
	0.1	10.0%	6.0%	14.0%	2.0%
	0.2	10.0	8.0	12.0	6.0
	0.4	10.0	10.0	10.0	9.0
	0.2	10.0	12.0	8.0	15.0
	0.1	10.0	14.0	6.0	20.0

REQUIRED:

a.	Compute the expected return and standard deviation of each asset.

b.	Compute the covariance of asset
	i.	A and B
	ii.	B and C
	iii.	B and D

c.	Compute the correlation coefficient of the combination of assets in b above.

Solution

a.	E(RA)	=	10(0.1)  +  10(0.2)  +  10(0.4)  +  10(0.2)  +  10(0.1)	=	10%

	E(RB)	=	6(0.1)  +  8(0.2)  +  10(0.4)  +  12(0.2)  +  14(0.1)	=	10%

	E(RC)	=	14(0.1)  +  12(0.2)  +  10(0.4)  +  8(0.2)  +  6(0.1)	=	10%

	E(RD)	=	2(0.1)  +  6(0.2)  +  9(0.4)  +  15(0.2)  +  20(0.1)		=	10%
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	= 0  since (RAi  -  E(R)A)  =  0%
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		=	4.8		=	2.2%

	Likewise δC  =  2.2% and	δD  =  5.0%

b.	i.
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		Note that since (RAi - ERA)	=	0
		Cov(AB)  =  0		

	ii	Cov(BC)	=	(6-10)(14-10)(0.1) + (8-10)(12-10)0.2 + (10-10)(10-10)0.4
					+ (12-10)(8-10)0.2 + (14-10)(6-10)0.1

				=	-4.8

	iii	Cov(BD)	=	(6-10)(2-10)(0.1) + (8-10)(6-10)0.2 + (10-10)(9-10)0.4 + 
					(12-10)(15-10)0.2 + (14-10)(20-10)0.1

				=	10.8

	Assets B and C tend to move in opposite directions and therefore their covariance is negative while Assets B and D tend to move in the same directions and therefore their covariance is positive.

	Returns of A has no correlation with the returns of other assets and therefore the covariance between A and any other asset is zero.

c.	Correlation coefficient

	i.	τAB	=	Cov(AB)	=	    0    	=	0
				 δAδB			(0)(2.2)

	ii.	τBC	=	Cov(BC)	=	    -4.8     	=	-1.0
				 δBδC			(2.2)(2.2)

	i.	τBD	=	Cov(BD)	=	  10.8    	=	0.98
				 δBδD			(2.2)(5.0)

	Therefore Assets B and C are perfectly negatively correlated while B and D have a strong positive correlation.

1.6 EFFICIENT PORTFOLIO AND THE EFFICIENT FRONTIER

Efficient portfolios can be defined as those portfolio which provide the highest expected return for any degree of risk, or the lowest degree of risk for any expected return.

The investor should ensure that he holds those assets which will minimise his risk.  He should therefore diversify his risk.

The risk can be divided into two:

a.	The diversifiable (unsystematic) risk;
b	The non-diversifiable (systematic) risk.

The diversifiable risk is that risk which the investor can be able to eliminate if he held an efficient portfolio.
The non-diversifiable risk on the other hand is those risks that still exist in all well diversified efficient portfolios.
The investor therefore seeks to eliminate the diversifiable risk.  This can be shown below:

[image: ]
Figure 1	Diversification of Risk

From the graph shown above as the number of assets increases, the portfolio risk reduces up to point M.  At this point the lowest risk has been achieved and adding more assets to the portfolio will not reduce the portfolio risk.

An efficient portfolio therefore is well diversified portfolio.

Note:	The non-diversifiable risk can also be referred to as the market risk.

EFFICIENT SET OF INVESTMENT

If consider many assets, the feasible set of investment will be given by the following graph
[image: ]

Figure 2

The shaded area is the attainable set of investment.  However, investors will invest in a portfolio with the highest return at a given risk or the lowest risk at a given return.  The efficient set of investment, therefore, will be given by the frontier B C D E.  This frontier is referred to as the Efficient Frontier.

Any point on the efficient frontier dominates all the other points on the feasible set.
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