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Topics of Previous Lecture (Week-1)

Overview of Random Process
» Basics of Random Signals
= Random Variables

= Random Process

Filtering of Stationary Random Process

Spectral Factorization



Lecture Learning Outcomes

Explain fundamental concepts of signal modeling, including the

differences between parametric and non-parametric approaches.
Analyze the motivations for parametric signal modeling, particularly in
terms of efficiency, accuracy, and representation of real-world signals.
Apply the systematic steps involved in parametric signal modeling to
construct mathematical models from observed signal data.

Model deterministic signals using Linear Shift Invariant (LSI) systems,
and interpret system behavior through input-output relationships.
Implement and evaluate the Least Squares (Direct) Method and Padé
Approximation, for accurate signal representation and model parameter

estimation.



Week 2: Deterministic Signal Modeling (Part-1)

QOutline

Signal Modeling: Introduction

Parametric and Non-Parametric Signal Modeling
Motivations for Parametric Signhal Modeling
Parametric Signal Modeling Steps

Deterministic Signal Modeling using Linear Shift
Invariant Filter

Least Square or Direct Method

Padeé Approximation



Signal Modeling: Introduction

= Signal Modeling: is an important problem encountered across various
engineering and scientific applications

= |t deals with creating concise and effective representations of signals

= There are different types of signal modeling, the following are among the

widely used classifications:

1. Non-Parametric Signal Modeling:
v a data-driven approach through learning of the signal characteristics
directly from the available data.
v an infinite number of measurements would be needed to represent the
signal perfectly
v" Practically, a sufficiently large number of recorded data is required to

acceptably represent the system



Introduction

2. Parametric Signal Modeling:

v a process of representing a signal with a mathematical model that is defined by a fixed
number of parameters.

v" It works by assuming the signal can be described by a simpler, parameterized form and
then estimating those parameters from data to create an efficient model

v The goal is to find parameters that produce the "best" approximation of the signal

v parametric signal modeling is economical and powerful since it uses limited parameters

to represent the signal

= There are different motivations behind parametric signal modeling such as:

s Efficient Signal Transmission
s Efficient Signal Storage

* Signal Prediction and Estimation



Signal Modeling for Efficient Transmission and Storage

= Data compression is widely employed for efficient signal transmission and storage

= Considering efficient transmission or storage of the signal x(n) consisting N data values is
X(n) = x(0),x(1), x(2),...,x(N -1)

= |tis possible to transmit or store x(n) in two ways:

1. Direct or Point-to-Point Basis

v Transmit or store all samples of x(n)

2. Coded or Parametrized Method

v" Model the signal with small number of parameters K — k < N

v More efficient to transmit or store those parameters

instead of the signal values — Data Compression



Signal Modeling for Efficient Transmission and Storage

= Consider a signal X(N) which can be given by:

X(n) = acos(nw, + @) (1)
= The signal values of x(n) can be transmitted or stored in storage directly

= However, the more efficient way is transmitting or storing:

a — the amplitude
@, — the frequency

¢ — the phase

= The signal X(N) can be recovered from those parameters (, @y, @)

using the model given in eq(1).



Signal Modeling for Efficient Transmission and Storage

Original (bmp, 780 kB) Parametrized model (jg 10%, 5 kB)

Figure 1: Image compression using parametric signal modeling

Source: “Digital Signal processing for image compression,” mystrikingly.com. https://custom-
images.strikinglycdn.com/res/hrscywv4p/image/upload/c_limit.fl_lossy,h 9000,w_12
00.,f auto,q auto/24525391/521638 255366.png



https://custom-images.strikinglycdn.com/res/hrscywv4p/image/upload/c_limit,fl_lossy,h_9000,w_1200,f_auto,q_auto/24525391/521638_255366.png
https://custom-images.strikinglycdn.com/res/hrscywv4p/image/upload/c_limit,fl_lossy,h_9000,w_1200,f_auto,q_auto/24525391/521638_255366.png
https://custom-images.strikinglycdn.com/res/hrscywv4p/image/upload/c_limit,fl_lossy,h_9000,w_1200,f_auto,q_auto/24525391/521638_255366.png

Signal Modeling for Prediction

= Signal modeling is also used in prediction and estimation applications

= If the signal X(N) is known over certain interval of time, it is possible to determine the value

of the signal over another interval using signal modeling
= Prediction: if X(N) is known for N=0,1,2,..., N =1, the goal is to predict the next value of

the signal X (N), X (N +1),...
= Estimation: if one or more consecutive values are missing or distorted over interval [Nl, Nz]

the goal is to use the data outside of the interval to recover the value of X(n) in the interval

= Suppose X(n) is known forn =0,1,2,...,N —1, and it can be modeled as:
P
x(n) = X a,(k)x(n-k) (2)
k=1

= The next value X(N) can be predicted using:

P
K(N) = % 2, ()X(N -K) (3)



Parametric Signal Modeling Steps

Choosing the parametric
form of the model

Determining the model
parameters

Evaluating the model
performance




Signal Modeling Using Filter

= Signal can be modeled as an output of linear shift invariant filter that has a

rational system function (H(z)) given by:

q
> by (k)z™
H(z) = 5?) _ i (4)

Input signal k=1 Estimation of the model forX(n)

B, (z Q

Figure 2. Modeling of a signal as an output of linear
shift invariant filter




Signal Modeling Using Filter

= In most cases the signal to be modeled could be deterministic signal

= For the modeling of deterministic signal, the input of the filter is:

v(n) =o6(n) (5)

Where:
o(N) is unit sample signal
= After selecting the model, the focus shifts to finding the parameters
that best approximate the signal
= Although multiple methods exist for model parameter derivation,
choosing a computationally efficient approach is essential
= |n this week and next week’s lectures, we will explore various

approaches to deterministic signal modeling



The Least Squares or Direct Method

= We will consider modeling of deterministic signal X(Nn) as a unit sample response of linear

shift invariant filter h(n) having a rational system function given in Eq (4):

X(n)
e'(n) = x(n) - h(n)

Figure3: Modeling of a signal as a unit sample
response of linear shift invariant filter



The Least Squares or Direct Method

= With out loss of generality, it is assumed that X(nN) =0, for n <0 and h(n) is causal

= The modeling error €'(n) is given by;

e'(n) = x(n) —h(n) = x(n) - x(n) (6)
" The objective is to find the filter parameters &, (k) and b, (k) that can minimize e'(n)

= In least square method, the error that is to be minimized is the squared error (8,_3 ):

ELs = Z' e'(n) |2 = Z e'(n)e'*(n) (7)
n=0 n=0
= Optimization theory will be applied to reduce the above error as follows:
6fLS =0; k=12,..,p 8)
oa, (k)
O&| g =0, k=0,12,...,0 (9)

oby (k)



The Least Squares or Direct Method

= The least square error (ELS) can be written using Parseval’s theorem:

1 . 1 .0)
fis = - JIEE")[ do -
72- /A
Where: :
E(e1?) = X (1)~ H(el) = X (ei) — 2a(®) ”
A, (e)7) .

Fourier transform of €'(n) = X(n) —h(n)

= Using eq(8) and eq(10), we will have:
Ogs 1 ]f o
oay(k) 27

—| E'€")E" () |do=0 (12
aap(k)[l( )' )]

—7T

[E'e!”) )



The Least Squares or Direct Method

= The previous equation, eq(12), boils down to:

7 B (el?) | Bl(e”
afLs _ 1 J' X (e1?) - q( _ ) *q(. )Ze‘k“’da)zo (13)
cay(k) 277 Ap(€™) | [A;(€™)]

for k=12,...,p
= Similarly for bq (k), we have:

7[_ _ B eJCf) } Jkao
afLS _ 1 J' X(ela))_ q( ) *e —do =0 (14)
oby (k) 27 ° Ap(e'”) | Ap(e™)

for k=0,12,...,q

= Asrevealed by eq(13) and eq(14), it is required to solve p+g+1 non

linear equations to find the optimum set of filter/model parameters



The Least Squares or Direct Method

Due to the requirement of solving p+g+1 non-linear equations,
the Least square method is not mathematically tractable

Even though least square method is efficient in minimizing the
modeling error, it is computationally intensive

Due to the significant delay introduced by computation time,
direct/least square method is hardly applicable for real time
applications

Therefore, the next focus will be on the indirect methods of
signal modeling

In indirect methods, the modeling problem will be changed

somewhat to easily find the model parameters



Pade Approximation

Unlike the least square method, Padé approximation only requires solving a set of

linear equations [1]

In Padé approximation, the signal x(n) IS model as an output of linear time invariant
filter using an input &(N)

Padé approximation force the filter output h(n) to be equal to x(n) for p+q+1
valuesorfor N=0,1,2,..., p+q [1]

rom: . -k
F ) Bq(z) ) I(Z::‘)bq(k)z
H(z) = A = >
p(2) 1+ a,(k)z
k=1

From eq (15), we have,

A, (2)H(z) = B,(2) (16)

(15)



Pade Approximation

= |ntime domain, the previous equation, eq(16), becomes:

a,(n)*h(n)=b,(n) (17)
= eq(17) can be simplified as:

> a, (K)h(n—k) = by (n) (18)

k=0

lap(O) 1

h(n) + éap(k)h(n ~K)=b,(n)  (9)

= Enforcing h(n) = x(n) forq+ p+1 values of N, we have:

x(n) + ¥ a, (K)x(n—K) =by(n), for =01, p+0q a0
k=1



Pade Approximation

= the previous equation, eq(20), can be written in the following form:
b,(n), for n=0,1,...,q
0, forn=qg+1,9+2,..,p+(

x(n) + 3. a, (k)x(n - k) :{ 1)
k=1

= the above equation, eq(21), can be written in matrix form as follows:

S /bq(O)\
x(0) 0 0 Ly b0 | @
X(1) X(0) 0 b (2)
s s : ap,@) | |
X@_x@-) o x@-p) || %) |7 )
x(q+1)  x(q) - X(q-p+D) || 0 |
: : : ap(P)) | :
X(@+p) x(q+p-1) - x(q) L0




Pade Approximation

= The last p equations will be used to find a, (k):

/1 \
x(g+1) x(q) o xX(g-p+)) ap(l) [ 0)
E 5 E ap(2) | = ? (23)
X(@+p) x@+p-1) - x(@) | ;
o N .Y
a,(p),

= From the above equation, we have:

_ —(a,® ) (o
(x(q+2) ) RN | 0 (24)
\(q+2) + X:(Q) (q p+1) ap(z) i 0
| -1 ... E
L X(@+p), i(q“o ) x(@) Mlaym) 1



Pade Approximation

= The previous eq (24) can be re-written as:

o o Em e e e mm o e En e En e e En Em o e e o e mm e

(f X(@~-ox@-1) - x(a-p+1)(a,@)

'o<(q+p 1) x(q+p) T x(g) T ao(p))

(T |\
\ \_Y_}
Xq a,
= Then, in compact form we will have:
anp = —Xgn (26)

Where:
Xq Isa PX P non-symmetric Toeplitz matrix

X(q+1r~~><(q5‘ - X@=-p+2) | a,(2) |-

(x(q+1) )
X(q+2)

L X(g+p))
\ J

g+l

(25)



Pade Approximation

= Ineq(25), we have p unknowns and p linear equations

= Eg(25) can be solved to find the unknown filter parameter ﬁp

= |f Xq is invertible ﬁp can be found by:

(27)

= f Xq IS singular matrix and no solution exist that can satisfy eq(26), we will make a
slight change on the denominator of H (Z) which was used in Padé formulation

= Qriginally Ap (z) was written by assuming a, (0) =1, now
we will consider &, (0)=0 and A, (2) changes as follows

P _ P _
Ao(2) 1 2 3y (2 ‘= A@=23,07" e
a, (0)



Pade Approximation

= Once 5p Is found, bq can be found from the upper matrix given at eq(22) as:

OB o N ) (b0

x(1) x() 0 0 |lap,d 0, (1)

X(2) x@ x@©) - 0 ||ap(@) | = | by(2) (29)
\X(f\ll) x(@-1) x(@-2) - x(a-p)la,(p), b, (@)

J
. o S S—
0 a, b,

= Then we will have:




Pade Approximation: Example

= Consider a signal x whose first six values are as follows [2]:
X =[1, 1.500, 0.750, 0.375, 0.1875, 0.0938]"

= Use the Padé Approximation to find:

1. Second order all pole model (P =2,0=0)
2. Second order moving average model (p =0,0 = 2)

3. Model with one pole and one zero (p=1,9=1)

Solution:
1. We will solve the following equations to find the second order all pole model
with (p =2,q =0)
x@ 0 0 Y[ 1 | (b0
Xx(1) x(@O) O a,d) (=10
X2 x® x0)|a,2)) (0




Pade Approximation: Example

= Solving the last two equat}ons, we\will have

1
(x(l) x(0) Oj a ) |- (Oj
x(2) x(@@) x(0) 0

l 3p(2),

(X(O) 0 j a,(d) __(x(l)J
X x(0) )la,@) (x2)




Pade Approximation

= Solving the previous equation, we will have

a,()=-15 and a,(2)=15

= From the upper equation, we will have

b, (0) = x(0) =1

= Then, the system function (H (z)) of the filter becomes:

J K
I e B S A 1)
A(2) 1,2 a, (k)2 l+a,Mz " +a,(2)z"
k=0
1

1-15z1+15772



Pade Approximation: Example
= From previous equation we have:
H(z)=1+1.5H(z)z*-1.5H(2)z*

= In time domain, the above equation becomes:

h(n) = x(n) = 5(n) +1.5h(n —1) ~1.5h(n - 2)

= Using the above equation, the model produce the following approximation for x(n) :

X =[1 1.5, 0.75, —-1.125, —2.8125, —2.5312]
\ ] |\ }
\ \
Correctly model X(N) Does not give guaranty

for n=0,12,..,0+p for values of X(Nn) for
nN>qg+pP




Pade Approximation: Example

2. For second order all zero model with (p =0,q = 2), the following equations will be

solved to find the filter/model parameters:

(x(0)) [0y (0)°
x(@) | = | by
X(2))  (by(2),

= From the above equation, we have:
b (0)=1, b,())=15, b,(2)=0.75
= The system function of the filter becomes:

H(z)=1+1.52*+0.7527°



Pade Approximation: Example

= In time domain, we have:
H(z) = i h(n)z" =h0)+h(D)z*+h(2)z % +h(3)z > +...
" =1+1.527+0.75272
= Hence, we have: X(0) = h(0) =1, x(1) =h(1) =1.5, x(2) =h(2) =0.75
= Using the above equation, the model produce the following approximation for x(n):

X =[1, 1.5, 0.75, 0, 0, 0]
\ Y l \_Y_I

/ N\

Correctly model X(n) Does not give guaranty
for n=0,1,2,..,q+ P for values of X(Nn) for
n>qg+p




Pade Approximation: Example

3. For pole- zero model with (p =1, =1) , the following equations will be solved to

find the filter/model parameters:

(x© 0, . (b (0)?
x(1)  x(0) (ap(l)j= b, (1)
(X(2)  x(@), 0

* a, (1) can be found from the last normal equation as

X(2) +a,()x1) =0 = a,(1)= —% - —%5 - 0.5

= Using the first two equation to find by (0) and by (1)

(x(l) x(O)j 1) (b(0)
X(2) x@)(a,@®) |b@



Pade Approximation: Example

= Using the first two equation to find bq (()) and bq (]_):

1 0)( 1) (by(0)
(1.5 1] (-0.5) by @

= Using the above equation:

by (0)=1, by () =1

= The system function of the filter becomes:

1+z7%
1-05z71

H(z)=

In time domain:

h(n) = §(n) +1.5(0.5)" *u(n-1)

Time Shifted Unit step function



Pade Approximation: Example

= Using the previous equation, the model produce the following approximation for x(n):

X =[1, 1.500, 0.750, 0.375, 0.1875, 0.0938]

\ }
|

The model gives all of the exact signal values. However, this
will not be the case in general. For N> ({ + P, sometimes
the model may give good approximation and some times bad
approximation. There is no guaranty!



= Motivation For Parametric Signal Modeling:

v" Signal compression for efficient transmission and storage
v Capability of signal estimation and prediction
= Deterministic Signal Modeling: Using Linear Shift Invariant Filter
v Least Square/Direct Method
** Requires solving of non-linear equations
* Itis not mathematically tractable
% Computationally intensive and not practical for real time applications
v’ Padé Approximation
* Produce an exact fit for data in the [0,g+p] interval
+» Does not guarantee for data values for n>q+p

% The model generated is not stable
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/

Thank You!



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37

