EXOELC Derivatives Lecture O3

Asian Options

T hese options have payoffs which depend on some average property
of the underlying asset’'s price over the life, or some part of the life,
of the option.

The average is less volatile than the asset itself (but more volatile
than a constant such as a strike), so options may be cheaper and less
subject to manipulation.

Asian options may be found embedded in structured products. Many
other contracts have Asian features, for example, volatility or variance
swaps.

Many Asians use a simple arithmetic average of the asset price, and
have a payoff which depends upon the variable

1 T
— / St dt.
T Jo

It is usually more convenient to work with the cumulative sum*

t
A = [O Sudu, dA; = S;dt.
and write
L TS d Apr/T
— t = .
T./o t r/

The following figure shows two simulated (S¢, A+/T) paths.

1 i
*As opposed to working with, say, the running average ;[ S, dr.
0
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AT = —_f S,.du
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There are very few formulae for options involving arithmetic averages.
There are formulae for options based on a geometric average which,

at eXDil’y, is
ex (@] t].
P T[ g(ot

In numerical work, it is often more convenient to work*

t
Gtzfo 109(S,) dr,  dG; = log(S;) dt

and write

1 /T
exp (?/O log(S;t) dt) = C1/T,

l t
*As opposed to working with the running geometric average exp (?/’ log(S;) dr).
Jo
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5, AT = _—f Sadu. eCT — (:xp(,—_f logs,d u)
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Rate and strike options

The adjectives rate and strike are used fairly widely to classify certain
types of Asian options:*

e A rate option has the same payoff except the spot price Sr is
replaced by the average Ar,

European Asian
PO(ST:K) — PO(AT:K)r
e A strike option has the same payoff except the fixed strike K is
replaced by the average Ar,

European Asian
PO(ST, K) — PO(ST, AT)

*Here A; is a generic average, it may be continuously or discretely sampled and it
may be an arithmetic, geometric or any other form of average.

A continuously sampled arithmetic-average strike call has payoff

1 /T
max (S’T — f Sy du, 0) )
T Jo

It is more likely to pay out if the asset price is volatile, as this increases
the chances that Sy is a long way from the average at expiry.

A continuously sampled arithmetic-average rate call has payoff

1 /T
max (/ Sy du — K, O),
T Jo
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where K is the option’s fixed strike. It is similar to a vanilla call,
except the asset price is replaced by the average price, which reduces
the effects of volatility.

A continuously sampled geometric-average strike call has payoff

1 /T
max ST—exp(f/O Iog(Su)du),O ,

while a continuously sampled geometric-average rate call has payoff

max (exp(;/c]Tlog(Su) du) — K, O) :

In these cases, the continuously sampled average involves a term of
the form

1 T
T /O F(Sy,u) du,

In the first two cases F'(Sy,u) = Sy and F'(Sy,u) = log(Sw) in the last
two.

Other possibilities are an exponentially weighted arithmetic average,

A T \T-u)
oo fy s

where \ > 0, or even a harmonic average*
1 (T du\ !
7k s)
both of which also can be expressed in terms of
T
/O F(Su,u)du

for suitable functions F(S,u).

*So far as I know, options involving harmonic averages are purely of academic
interest; I've not encountered one in the wild.
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The running sum

The options above are path-dependent. Their payoffs depend not
only on Spr but also on an average. So, in addition to S; and ¢, we
need another process to encapsulate what we know (at time ¢) about
the average.

For a payoff involving %ng(Su,u) du it is convenient to define a
generic running sum,

1
I = /O F(Sy,u)du

which encapsulates what we know about this integral at time t.

If we make the usual Black-Scholes assumption that

dS
= pdt + o dW; (1)
St
and note that*
dl; = F(S;,t) dt (2)

it is clear that the pair (St I;) is a Markov process.

It follows that the price process V; of an option dependent on S, I;
and ¢t may be expressed in terms of a value function, V(S,1,t), as

Vi = EF[Vr] = V(S It, t).

*Strictly speaking, we require F(S,t) to be continuous in S and ¢ to do this.
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Ito’'s lemma

Assuming (1) and (2), Itd's formula for V; = V (S, I+,t) is

% 1 2.0 0%V oV oV
dV; = ——dt+ 30°Sf —5dt +—dS;+ —dlI
: or U205 g T g dott

OV 1 5.50%V oV A%
= (— 4210257 — + F(S;,t) — | dt + —dS;.
(at +2J tasz-l_ (t: )8I +8S t

Note that the new variable I only occurs as a first derivative and that
dSt is the only random term here; dI; = F(S,t) dt does not introduce
any new source of randomness.

The Black—Scholes equation

Construct the usual portfolio, with market price
My = Vi — A St
and self-financing hedging strategy
dlN; = dVy — Ay dSy.

As always, choose

oV
Ay =2 (8t
¢ as(t)

to instantaneously eliminate risk.

Assuming there are no exploitable arbitrage opportunities, with this
choice of Ay we must have

dlily = rMNydt

which when written out in full becomes
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ov
ot

, 82V oV oV

+ 352 5; 55z TrSige T F(Spt) oo —rVi=0.

As this must hold for all attainable* values of (St I+,t), we have

02V oV oV
S — FSt—— V =0. 3
65‘2+T 8S+ (S,t) T (3)

*Here O < t < T and any S; > 0 is attainable so (3) holds for all 0 < ¢ < T and
S > 0. In order to determine the range for I in this equation, however, we need
to know F'(S,t) in order to determine the values of I; that are attainable.

_I_l 252

With the standard modifications to this argument to accommodate
a continuous dividend vyield, y, we obtain the slightly more general
equation

2292V E1% oV

oV
o T3S S (ST HF(S ) TV =0, (4)

In both cases the payoff gives us the terminal condition

V(S,I,T) = Po(S,I). (5)

Thus, the general pricing problem is either (3) or (4) subject to the
terminal condition (5). In all cases the problem is posed for all S > 0
and all ¢t < T, and the range of I is determined by the attainable
values of I;.

Continuous arithmetic-average options

In this case it is convenient to replace the generic running sum I with
the more specific Ag,
t
Ap = [ Sy du
Jo

corresponding to F(S,t) = S. This gives the Black-Scholes problem

ov 32V ov ov
< s ST+ ST vV =0, (6

OA
subject to a payoff of the form™

_I_é 282

*In both (6) and (7) we have S >0, A >0 and in (6) we also have t < T

pg. 7



EXOELC Derivatives Lecture O3

There is no, useful, general solution to (6), but for the linear payoff

V(S,A,T)=a+bA+cS.

there is a solution of the form

V(S,At) =a(t) +B8)A+~()S (8)
Evidently
ov . . . ov ov 0%V
E—a(t)-kﬁ(t)A{—fy(t)S, aj—ﬁ(t): g—?’(t): @—0

Thus, if we substitute (8) into (6) and equate the coefficients of S, A
and the term independent of both of these to zero we obtain ordinary
differential equations for «a(t), B(t) and ~(t).

These are
a = ra, a(T) = a,
B = rp, B(T) = b,

¥y = yy—=p8, ~(T)
The solutions are*

a(t) = ae"(T-t)

[
o

B(t) = be (T, (9)

~v(t) = ce—¥(T-1) 1 (e—’y(T—t) _ e_""(T_t))/(r — ).

*In the case that r = y, take limits to get v(¢t) = (¢ + b(T —t)) e "(T-D,

We may interpret these in the obvious fashion:

e «o((t) is cash growing at the risk-free rate;
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e 3(t) is the cash needed to cover the known value of b fé Sy du
when this value is projected forward to expiry;

e The first term in ~v(¢) is the number of underlying we need so that
if all dividends are reinvested we have ¢ underlying at expiry;

e The second term in ~(¢) is the number of underlying we need in
order to replicate b ftT Sy du, by selling be "(T=1) 4t assets during
each interval [t,t + dt). The terms involving y arise because we
also reinvest dividends from this component of our holding.

Arithmetic average put-call parity

For arithmetic-average strike puts and calls we have

Cas(S, A, T) — Pas(S, A, T) =S — A/T.

Hence, from (8) and (9),
Cas(8,A,t) — Pas(S,A,t) = Se V=0 —e7r(I=0) )1

—r(T—-t) _ —y(T—t)
+ [ e S
(r—y)T

For arithmetic-average rate puts and calls

Car(S, A, T) — Par(S, A, T) = AT — K.
Hence, again from (8) and (9),

Car(S, A,t) — Par(S,A,t) = (A/T —K)e T

_ S (B—T(T—t) _ e—y(T—t)) /(r —y)T.
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All these formulae for linear payoffs, including the parity results, are
model independent. This is because there is a model independent
way of replicating

T
AT—At:/t S, du.

To replicate the running sum’s value at expiry is a relatively simple
thing to do. At time t < T we need to have cash equal to the present
value of the current running sum at expiry,

Ay e—T(T—t)

and a strategy to generate, at expiry, cash equal to*

T
t

If, during each interval [u,u + du) between t and T, we invest
e~ T(T—u) Sy du

at the risk free rate, at expiry we will have exactly the required sum.

*There is an analogous strategy to replicate an arithmetic average when it computed
using samples from a discrete set of times.

Suppose that at time t < u < T we have n(u) underlying set aside for
this purpose. During [u,u + du) we receive

yn(u) Sudu
in cash as dividends, but we need to generate a total of
e T4 g, du.
We obtain the difference by selling
(7T —yn(u)) du
underlying at price S,. Thus

dn —r(T—u
o =yn—e (T—u), (10)
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As we need only replicate the running sum, we need no underlying
assets at expiry, hence

n(T) = 0.
Solving (10) subject to this terminal condition gives

e—y(T—t) _ —r(T-1)

n(t) =
r—y

The strategy to replicate ftT Swdu is, at each in uw € [t,T), take the
dividend and add to this the cash generated by selling dn(u) underly-
ing, for a total of e~ (I'=w) g, du, then invest this sum at the risk-free
rate until expiry, when it will be worth S, du.
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