EXOELC Derivatives Lecture O4

The continuous arithmetic-average strike call
1 /T
This option has payoff max | Sy — T[ZJ Sudu, O], so here

t
At:]OSudu and F(S,.t) =5,

The problem for V(S, A,t) is thus

OV 1 5 0%V oV ov B
ot 7205 a2 T r—n S5+ 555 - V=0, (11)

V(S,A,T) =max(S—A/T,0).

Similarity reduction

There is a similarity reduction®* which simplifies problem (11). This
is because each of V, S and A/T must scale in the same way; the
problem must be independent of which unit of currency we choose to
measure prices in. Thus, (11) must be (and is) invariant under the
scaling
Vi=AV, S'=xS5 A =)A,

for any X > 0, in the sense that

8V, 1 2 f2 62V, ! 8V, / 8V, !/

o T27 5 e TS Gt STV =0

V(S A'T) = max(S' — A’/T,0).

*It is equivalent to a wise choice of numeraire.

Since the problem is invariant under these transformations, we may
look for solutions in terms of other invariants of the transformation.
A set of obvious candidates are
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p=V/S, €£=A/S.

We know that S > 0, so we are in no danger of dividing by zero.

The payoff condition is
V(S: A:T) — SQ{)(&,T) = MmaX (S - A/T! 0) )

so at expiry ¢ is a function of £ only,
¢(&,T) = max (1 —-¢&/T,0).

So we introduce these new variables

Vv A
¢' —_— g: 6 — §:
and assume* that the problem has a solution of the form

V(S, A t) =S ¢(&, ).

This is simply a change of numeraire; we are now measuring all prices
relative to S; rather than a risk-free bond.

*We show below this form is self-consistent and, in principle, we could establish
that ¢(&,t) exists. Then we could, in principle, establish uniqueness of solutions
to the original problem to show that this is the only solution.

The chain rule establishes that

ov. _ o oV _  _0¢
ot _Sat’ oS = ¢ 565’
and

ovV. 08¢ 02V £20%

0A — 9¢’ 9S2 T S 0g2°
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When we substitute these expressions into the Black-Scholes equation
in (11) we find that S > 0 drops out as it occurs only as a common
factor multiplying each of

dp 09 02¢

—, — and .
ot o& €2

The net result is a lower dimensional problem, namely

‘% 523¢+(1+(y—r)5)—— 6=0,

€2

¢(&,T) = max(1 —&/T).
This may be solved numerically either by a finite-difference scheme
or by Monte Carlo. Monte Carlo is possible as the solution may be

written in the form
¢(&,1) = e YT EY [max(1 — &7/T,0) | & = €],

(12)

where the expectation Ef is with respect to the process

dés = (14 (y —r)& ) dt+ o & dw i

aplaE ER
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rms= 1.9e—02, max= 7.5e-02

O = O

Numerical solutions of (12); r = 0.05, ¥y = 0.05, ¢ = 0.30 and T = 0.25
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Average rate options with geometric averaging

Suppose that the option payoff depends on the continuously sampled
geometric average of S,

exp (% '/OT log(Su) du) )

To be specific, consider a European geometric average rate call with
payoff

t
max (eGT/T - K, O) where G = /0 log(Sy)du;

here it is convenient to replace the generic I; with G;.

The problem for V(S,G,t) is

25 V+(T—y)Sa—V+IogSa—g—'rV—0

V(S,G,T) = max (eG/T ~ K, 0) .

oV 1 2
o 727

As we know, l0og S; has a special role in a Geometric Brownian Motion;
in terms of z+ = log(S;), GBM becomes a brownian motion with drift
and the Black-Scholes equation in S becomes a constant coefficient
equation in z. It also means there is a (different) similarity reduction
for this case.*

*If S — AS then G — G+ tlog A, so G/S is not an invariant. However, G —t log S is
an invariant and this is essentially how the similarity variables below arise.

If we first set
xz = log(s)

then the partial differential equation in (13) reduces to

pg. 4



EXOELC Derivatives Lecture O4

+128‘7+&—y—12) tol -V =0,

Now, if we note that at expiry our payoff depends only on G and K,
but not on z, then we can reduce the terms

ov 9V
ot T %aG

to a single derivative by introducing the new variables

=G+ T —-t)z, t =t
In terms of 2’ and ¢’ we find the problem reduces to
2
207V oV
st —y— 50T =) o5 —rV =0,
V(z',T) = max (e““"f/T - K, 0) .
The form of the payoff here suggests setting
¢ G4 (T —1) log(S)

6—V+%02(T—t)

YT T T
This gives
oV 1 o (T —t\* 0%V 2 —t’ oV
I | -1 —rV =0
8t/+20 ( T ) a +(T ) ay r 9

V(y, T) = max(e¥ — K,0).

Finally, to see that this is simply the usual Black—Scholes equation
with time dependent parameters, put

S’ — ¥ = eG/T S(l_t/T).

This turns the problem into
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oV o2 (T —t\? 20°%V o2\ (T —t"\ _, 0V
CAMNT A S —y- S _rv=0
o T 2 ( T ) as? T \" "V 2 ) 1 as’ ’

V(S T) = max(S' — K,0).

In terms of S’ and ¢/ = t, the problem reduces to a Black—Scholes call
but with time dependent parameters.

Recall that to solve a Black-Scholes problem with time dependent
parameters, we need the T — t averaged values of the parameters.

These are (relatively) easily computed and the net result is the price
for a continuous geometric average rate call;

Car(S,1,t) = §'e VT N (dy) - Ke " T N (d),
where

o _ loa(S'/K) +(r—§£352)(T—1t)
T VT —t

§=5r(L+t/T) + Zy(1 —t/T) + {50%(1 — t/T)(1 + 2t/T),

§' = (/T g(=t/T)

?

(14)

5°=30°(1-t/T)>.

The trick works with any payoff which depends on G = fg log(Sy) du,
but not on Sr. We simply need to express the payoff in terms of S’
and make the above substitutions into the Black—Scholes formula for
the price of the option with that payoff.

A geometric-average rate put has the payoff
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Pgr(S,G,T) = max(K—eG/T,O) = max(K — S’,0)

and so the Black-Scholes’ value is
Pgr(S,G,t) = Ke "I N(=d_) — S'e Tt N(=dy),

where the symbols are as defined in (14).

A geometric-average rate digital call’'s payoff is

Cg (S, G, T) = H(T - K) = H(S' — K)
and its Black-Scholes’ value is

C§ (S, G, 1) = e "T=DN ().

A geometric-average rate digital put’'s payoff is
P§(S, G, T) = H(K —e%/T) = (K —5)
and the Black-Scholes’ value is

P§(5,G 1) = e "IN (—d-).
Put-call parity formulae

The formulae above imply that in the Black-Scholes model there is a
put-call parity result,

Cgr — Pgr = 8_§(T_t) S’ — E_T(T_t) K.
This is not model independent as there is no model independent way
of replicating a geometric average.
The digital put-call parity result is simply
Cgr + Pgr = eiT(Tit):
which clearly is model independent.
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