ExOtic DErivVatives Lecture OF
T he reflection principle for Brownian Motion

We begin by looking at the joint distribution of a Brownian motion
and its running maximum. We use W; for the Brownian motion and
the notion

zz= min W, Z; = max W-,.
0<r<t 0<r<t

Here we only consider the joint distribution of (W%, Z;) in detail.

Consider the (nonstandard) distribution function

F[W’t,zt](mﬂ y) — DrOb(Wt <z, Zt > y)'

Clearly if y < 0 then F[Wt,Zt](f”»y) = 0 and if z > y then the condition
Wi < z is redundant. Therefore in what follows y > 0 and z < y.

Choose y > 0 and = < y and define a new process, W;, as follows:

e If there is some 7 <t such that* Wr =y and Wy <y forall u <7
then set

R Wy for 0 <u <,
[/[/u:
2y—W, forr<u<t.

e Otherwise, set W,, = W, for all 0 < u < ¢.

That is, W, = W,, until W, first hits y, at which point it turns into
Wy = 2y — Wy, the reflection of W, about y. It is easy to see that
Wau is also a Brownian motion and that the distributions of W; and
W, are identical.

*Clearly 7 is a stopping time.
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If such a 7 exists then the statement “(W; < z) and (Z; > y)" is
equivalent to the statement “W; > 2y — " .

If there is no such 7, both statements are false.

Thus, these two statements are always equivalent. As

prob(W; > 0) = prob(—=W; > 0),
this means
prob(Wy < z, Z; >y) = prob(Wy > 2y — x)

= prob(Wy < = —2vy)

r—2y
o(229)
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Thus, we find that for y > 0 and z < y we have

r—2y
Fw,.z(z,y) = N ( ) :

Vit

If fiw,z)(x,y) is the joint density function then

. o0
Fiw,.z,(x,y) =foo/y fiw,.z (€, m) dn d€.

Differentiating with respect to  and y shows

)2
Funpza(aw) = (23— 2| 25 exp( Gy o) ) (5)

for y >0 and =z < y.

If Y S O or x > Y then f[wft,zt](.’lfj'y) — O
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The marginal distribution for Z; is

fz,(y) = /_yocf[wt,zt](ﬂ?;y)dﬁ?

(6)
= |2 /2
mt

for y > 0 and zero otherwise.

The marginal distribution for W; is, of course,

fw(z) = Jwy,z(z,y) dy

,[max(x,o)
1 ) (7)

— e~ T /2t_

V2t

The conditional density function for Z;, given that
Wy = «x,
iS given by

f[wt,zt] (z,y)
fw,(x)
= (2/t) 2y —a)e W=/t

if y >0, x <y and zero otherwise.

f[Zt ‘ Wtzm] (y: t) —

This form of distribution is known as a Rayleigh distribution, first
used by J.W. Strutt (Lord Rayleigh) circa 1880.*

*Lord Rayleigh, On the resultant of a large number amplitudes of the same pitch
and arbitrary phase, Phil. Mag., $.5., Vol. 10, No.60, Aug. 1880.

Exercise: Show that the conditional distribution function for Z,
given that
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Wiy = x,
is given by
Fiz, \wy=a)(y) = 1 — e~ 2 W—2)/t

for y > max(0, xz) and zero otherwise.

Use this to construct a method of sampling from the distribution of
the maximum of a Brownian motion given its terminal value.

Exercise: Show that the conditional distribution function for W,
given that Z; =y > 0, is

fw, 1 z=y1(®) = (Qyt—g:) exp ((m —y) By~ 33))

2t

for x < y and zero otherwise.

Exercise: Note that if W is a Brownian motion then so too is —W4
and then use the fact that

zz = _min (W;)

to find the analogous distribution and density functions for z:.

Lookback options II

The aim of this section is to outline how one may compute a look-
back’s price directly from the representation

Vi = e "D ER [Po(Sr, Mr)]. (1)
We will consider the case of a lookback put with payoff
Po(S7, Mp) = My — Sr,

where the maximum, M, is sampled continuously.

In order to achieve this end, we work in small steps starting with the
simplest version of the problem.
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Under the usual Black—Scholes assumptions, there is a unique risk-
neutral measure, Q, under which the underlying asset’'s price, Sy,
evolves as

Sy =S8 exp((r — 30t + chtQ),
where Wf" is a Q-Brownian motion and So = S. Taking logs gives
X =z+(r—30°)t+ o W,
where X; = log(St) and z = log(S), and hence
dXt = (r — 30°)dt + o dW2, Xo=z.

For reasons which will become apparent shortly, it is convenient to
consider first the case where r = 02/2, i.e., the case where X; has no
drift (and is therefore a martingale).

The simple case

Consider the simplest case where r = ¢2/2 and
X =x+ O'WtQ.
Define Y; as the running maximum of Y%,

Y; = max Xy = x4+ max c WX
0<r<i 0<r<t

As z is constant, it's clear that
Yi — Xt = o0(Z — Wtﬁ) = (Zc;?t - szt)’
where, as before and also in what follows,

Z; = max W2
0<r<t
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This allows us to calculate, for example,

Up = ES[YE —Xt]

/Doo '/_”Oo(n = fw o,z 51(&m) dEdn

252t
s

using the joint density (5).

Alternatively, as WtQ is a Q-martingale, we may write
Uo = o Ej[Zi] — o E3[W] = o Ej[ Z],
then use the marginal density (6) to find EX olo Zi] = ER ol Z 2, 1.

In the original variables, i.e.,

X oW
Sy = et = Se""t M: = max (S
t ’ t — 0<T<t( ’T)

we find that since z — e* is monotonically increasing
M; =¥t = Se %,
T herefore we may evaluate
Vo = ES[M;—S;] = S[Eg[effzt—eawf]
using the joint density (5), or we may write it as
Vo= 5 (85" - 85T

and then use the marginal densities (6) and (7).
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Either way, we find that*
Vo =S¢ 2 (2N(o Vi) — 1).
So, provided that S; = Se®Wt, i.e., if

dsy

St — %0'2 dt —|— O'dWQ, SO = S, (8)

we can compute

ES [M; — Si] = 5¢ /2 (2N(o V) — 1). (9)

This is precisely the expectation we need to find the price of a look-
back put, provided the risk-neutral price process is given by (8).

1 = 2
*Here, as always, N(z) = —— e /2 du.
V2T J

The general case

There is a problem if S; has drift other than %02. To see this, consider
St = SeXt, M; = SeYt,
with X; and Y; defined by

Xt =:r-|—yt+thQ, Y; _Orgs?étXT

If v % 0 then it is not true that
Yi=(+vt)+(cZ),

because, in general, the best we can say is

br) < b
Jmax, (ar 4+ b7) Jnax, (ar) + Orgaé( )

usually with strict inequality; the maximum values of two processes
usually occur at different times.
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We get around this problem by introducing an equivalent measure, R,
under which X; becomes a martingale, thereby eliminating the drift.

Girsanov’s theorem asserts that if Wf’ is 2 Q-Brownian motion and oy
is a well-behaved process* then there is a measure, R ~ @, with

t t
:exp(—%/o a,%dfr—/o adWT); and

t
2. W= (/0 or dfr) + W2 is an R-Brownian motion.

“Le., it satisfies the Novikov condition E?[exp(3 [; a2 dr)] < co.

In order to transform

X3 =:15'-|—1/t-|—chVtQ to X; :.’B+O'Wt[R
we need c WE =vt+ oW}, so the process a; should satisfy

t
O’/ ardr = vt.

JO
Therefore we choose a; = v/o = 6, which gives us
dR
—| = exp(—%@Qt - 9Wf’)? 0=uv/o.
dQ| 7,
As Wi =0t+ Wf’, the inverse Radon-Nikodym derivative is
d
Ry = B = exp(%@zt-l-QWtQ)
dR }“t (10)

— exp(—% 02t + 0 Wf).
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Expectations with respect to the Q and R measures are related by

ES[Bt] = ES[ Bt X (Rt/Rs)]

for any suitable process f;.

Under the R-measure, X; is a driftless Brownian motion,
Xi=ax+ oW,
which means that under R we can write
Yi=x+4 o Z;

and proceed as above, except that we must apply the factor R:/Rs
in order to convert back to the Q-measure.

In a Black—=Scholes framework the risk-neutral price process is
S, =S exp((r — %02) t+o Wf’).
Taking logarithms gives

X; = log(S;) = log(S) + (7‘ — %02) t+oWR

= x4+ (r—%ch)t-l—chtQ.
To find the R-measure under which this process becomes driftless,
i.e. Xy = x4+ o WE, the appropriate choice of v in (10) is
V=or-— %02,
which gives the relevant Radon Nikodym derivative as

Ry =exp(—302t+0WF), 0= (r—30°)/o. (11)
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The value of a lookback put is then computed as

Vo = V(St, My, t)
= e_T(T_t) ES[MT — S'_r] (12)

= (I Eg[ (Mr — St) X Rrl,
where Rt is given by (11),

R
St = X1 = 57,

My = e¥T = §eo4T

and the joint density (5) is used to evaluate the R-expection above.

The details are gruesome.. ..
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