Exotic Derivatives Lecture 09

Barrier options

A typical barrier option contract changes if the asset hits a specified
level, the barrier. Barrier options are therefore path-dependent.

Out options expire worthless if S; reaches the barrier value B before
expiry, T'. For a down-and-out call option, if Sy < Bforsome Q0 <t<T
then the option dies, if S > B for 0 <t < 7T it survives and has the
usual payoff max(Sr — K,0).*

In options only come into being if St reaches B for some 0 <t < T,
at which point they become an ordinary option.

*This is equivalent to a payoff max(Sr — K, 0) 14,,,~p), where mp = oTthT{St}'

Price paths with a down-and-out barrier
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The down-and-out call

If S; falls to B, the option dies and becomes worthless. If S; stays
above B, it has the usual payoff max(Sry — K,0). For the moment
we'll assume that B < K.

While the option remains in its price function, Cy4,(S,t), satisfies the
Black-Scholes equation,

80(]0 820(]0 8Cd0
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This only holds if the option hasn't knocked out, i.e., only if S, > B
for all 0 <u <'t.

—TOd():O.

If S = B at any time 0 <t < 7T the option knocks out and becomes
worthless, so

Odo(B, t) — 0.

If the option is still alive at expiry then

Cao(S,T) = max(S — K, 0).

Note that the barrier feature manifests itself as a boundary condition.

If the option has already knocked out then Cy4,(S;, t) = 0 no matter
what the value of S;.

A binomial method can incorporate this path dependence:
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The barrier may hit grid points, which is good. Usually, however, it
misses them all which is less good.

A ‘reflection’ result for Black—Scholes

Suppose V(S,t) is a solution of the Black—Scholes equation,

oV 02V oV
54'%0252—4'(?"—9)5_—?"‘/:0: (1)

052 oS
forall S>0and t < T.

If B> 0 is a constant and

a=1-(r—v)/o?
then
W(S,t) = (S/B)?° V(BQ/S, t)

also satisfies the Black—Scholes equation (1) for S >0 and t < T..

There is a derivation of this result in the introductory notes on the
Black—Scholes equation, reproduced along with two alternative proofs
in the Appendix of these notes.
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In general, B may be any constant, but in what follows we will take
it to be the level of our barrier.

If V(S,t) satisfies the Black—Scholes equation for all S > 0 then so
too does W (S,t) and so, by linearity,

V(S,t) + AW(S, 1)

is also a solution of the Black—Scholes equation for all S > O for any
constant A.

An explicit solution for a down-and-out call

The down-and-out call's price function, Cyo(S,t), satisfies the Black—
Scholes equation

ag:f" +30° 8 82530 +(r—y)S ag‘;o —rCao =0, (2)
fort <T and S > B, has payoff
Cao(S,T) = max(S — K,0), S>B (3)
and vanishes on the barrier B,
Cao(B,t) =0, t<T. (4)

Recall that we only need to find Cyo(S,t) for S > B.

Let us assume that B < K.
Let Cys be the price of a vanilla version of our down-and-out call, i.e.,

a vanilla call on the same asset with the same strike and expiry.

Its price function, Cuws(S,t), is necessarily a solution of the Black—
Scholes equation (2), forall S >0and t < T.

pg. 4



Exotic Derivatives Lecture 09

We look for a solution of the form

Cao(S,t) = Cps(S,t) — W (S, t).

As the Black—Scholes equation is linear, W (S,t) must also be a solu-
tion of (2).

The barrier condition (4) is satisfied if

W(B,t) = Cps(B, 1).

T he obvious candidate is

W (S,t) = (S/B)>* Cos(B?/S,t).

The reflection principle assures us that this satisfies (2) if Cps(S,t)
does, and setting S = B shows

W(B,t) = Cps(B,t).

The only remaining condition is (3), the payoff condition
Cao(S,T) = Cps(S, T) —W(S,t) = max(S — K,0),
and this requires that

W(S,T) = 0, S > B.
To see that this is indeed the case we argue as follows.

If 0 < B< S then 0 < 1/S < 1/B. Multiplying by B2 > 0 shows
B?/S < B.
Our assumption that B < K shows that

S>B = B?/S<B<K.
Thus if S > B then

(S/B)2* Cps(B2/S,T) = (S/B)?* max(B2?/S — K,0) =0,
since B2/S — K < 0 and so max(B?/S — K,0) = 0.

This establishes that the payoff condition (3) is indeed satisfied.
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Call payoff and its reflection
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Thus, if the option has not vet knocked out its value for S > B is
given by

Cao(S,t) = Cus(S,t) — (S/B)?* Chs(B?/S, ).
For S < B the option has knocked out and Cgo(S,t) = 0.

Provided the option is alive and S > B, its delta is found using

NAgo(S,t) = Aps(S,t) + (S/B)?*"2 Aps(B?/S,t)

— 2a(82071/B2%)y 0 (B2/S, 1),
where
_ 8Cbs
bs — (95 .
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While the option
rdo(S’ t)

where

Lecture 09
is alive and S > B, its gamma is given by
= Tus(S,t) — (S/B)** *Tps(B?/S,1)
+ 2(2a — 1) (82073/B20-2) A (B2/S, 1)

— 2a(2a— 1) (52%72/B?*) Cps(B?/S, 1),

r . 820b5
=T 982

Similar results apply to the other greeks.
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Down-out call prices
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Down-out call deltas
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Down-out call vegas
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Down-and-out calls: barrier above the strike

Call payoff and its reflection
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If the barrier lies above the strike, B > K our trick above fails, because
there are some values of S > B where

Chs(B?/S,T) # 0.

We want the reflected solution to vanish at expiry for S > B.*

So before reflecting, value an option with a ‘truncated’ call payoff
which is zero for S < B — we don’t care about the payoff for S < B
because we aren’t pricing the option there.

This is the payoff for a vanilla call struck at B plus (B — K) standard

digital calls, each paying either O or 1, and also struck at B.
*More generally if we find the reflected vanilla option price with payoff P,(S) does

not result in the correct payoff for the barrier option, the trick is to work with the
price of a new vanilla option with the truncated payoff P,(S) 1(s- 5.

——truncated payoff

= ==ctrike B call
= = digital call
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Modified call payoff and its reflection

‘I Payoft
'\ ===Reflection < B
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The Black—=Scholes value of a down-and-out call which hasn’t already
knocked out is therefore

Cao(S,t) = Cps(S,t; B) + (B — K)Cy4(S,t; B)

- (%)Qa (Cos(B2/S,t; B) + (B — K)Ca(B?/S,t; B))

for S > B.

The first two terms are the unreflected solution, which takes care of
the payoff. The second two are the reflection and take care of the
barrier condition.

From this we may compute formulae for the other Greeks; they are
lengthy.
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Down-out call prices Down-out call prices
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Down-out call gammas Down-out call gammas
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When B > K we find that Agqo becomes singular ast — T and S — B.
This makes delta-hedging the option impractical in this limit.
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