Continuous Assessment Test - Finite Difference Applications in Finance

INSTRUCTIONS TO STUDENTS

ATTEMPT ALL QUESTIONS. A SCIENTIFIC CALCULATOR WILL BE ALLOWED FOR THE
ASSESSMENT TEST. ANY OTHER REQUIRED MATERIAL WILL BE SUPPLIED BY THE
INVILATOR PRESENT.

TIME: TWO AND A HALF HOURS

1. Consider a solution u : [0,T] — R to the scalar ODE

d_u = ru
dt
u0) = 1

You can think of u as the money in a bank account with interest rate r > 0.

(2)

Compute an approximate solution u* at time T, for the explicit Euler method

with M timesteps of length At =T /M, where
u™ = (1+ T'Af]um_l, m >0

and u? = 1. Hence show that u™ — T for M — oo such that T = M At fixed.

Find bounds ¢ = ¢(T') and C' = C(T') such that
(L+rT/M)™| <C Ym<M

and
1 rli—
Al rAt)e A _ et < e At VET.
Using the Lax equivalence theorem, deduce convergence and show that a simple
bound for the approximation error is given by

[ —u(T)| < ir?e®™ At.

Retracing the proof of the Lax equivalence theorem, by estimating carefully the
propagation of truncation errors introduced at individual timesteps, show how you
can improve the error bound for this specific example.
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2. Show that the truncation error of the #-scheme for the heat equation is of the form
(1 —20)0(At) + O(At?) + O(Az?)

and deduce that the Crank-Nicolson scheme is of second order accurate.

Hint: Write the truncation error as

6 u(z,t)—0362u(x, t+At)—(1—0) 262u(z, t) = Su(z, t)— 162 {Qu(z, t + At) + (1 — O)u(z,t)}

1
2
where d;u(x,t) = (u(x, t+At)—u(x,t) /At and $2u(x,t) = (u(x+Ax, t) —2u(x, t) +u(zr—
Ax,t))/Ax? as usual. Ezpand u(x,t), u(x,t+ At), u(x + Az, t) etc around (x,t + OAL)
and use the heat equation at this point to find the truncation error.

3. Show that if @ = 3 is replaced by 6 = 5 — %% in the definition of the #-scheme, the

accuracy improves to O(At?) + O(Az?). Is the scheme stable, and in what sense? How
should you choose At in relation to Ax to maximise efficiency?

4. (a) Show that the symbol of the #-method for the heat equation is

1 —2(1 — 0)Asin?(k/2)

Ro(At, Ax; k) =
o(At, Az; k) 1+ 20Asin? (k/2)

where A = At/Az?.

b) By expanding for small At, deduce the order of consistency of the explicit, implicit,
Yy exp g y p p
and Crank-Nicolson schemes.

5. Given the symbol of the fully implicit method for the heat equation,

1
1 4+ 20X sin?(k/2)

Ri(At, Ax; k) =

with A = At/Az?, the finite difference solution can be written as
™

um = Ri(Ax, At; k)™@° (k)e'™ dk, (4.17)

—T
where 4°(k) is the Fourier transform of the discrete initial condition.

(a) Find @°(k) for Dirac initial data.

(b) Using calculus of residues, or otherwise, evaluate the integral in (4.17) to find u])'
for all m > 0, n € Z.

(c) Compare your result to the one found in Section 2.5, Exercise 2., for n = 1 and
n=2.

6. Consider the semi-discrete implicit Euler scheme for the heat equation,

u™m — u'm—l B 1 a?,um
At 2 922

reR m>1,

where time is discretised and the space coordinate left continuous (horizontal method
of lines).
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(a) Show that the first step with u® = § has a solution of the form
u' =b-ecll

where you have to find b and ¢ (compare Exercise 2, Section 2.5).

(b) By Fourier transform and calculus of residues, or otherwise, find the general solu-
tion of the semi-discrete implicit Euler scheme (compare Exercise 5 in this section).
How smooth is the solution after m steps?

(c) Why would a semi-discrete explicit Euler scheme be problematic?

7. The Leapfrog scheme for the heat equation is defined as

m—+1 aom—1 T _ m m
u, " —u Lu, g 2uy’ + upt g
2

T
2A¢t Ax? k

0 1

where two initial data w,,, u,, need to be given.

(a) Compute the truncation error at a point (xzy,t,,). Show that the scheme is consis-
tent with the heat equation and determine the consistency order.

(b) Find all solutions of the form
u™ = R(Az, At; k)M —metkn

and give an expression for the general solution (i.e. for general u2, ul). Show
that for any choice of u), which is consistent with the heat equation, the scheme is

unstable in Io.
8. The Du Fort and Frankel scheme for the heat equation is defined as

m+1 m—1 m _ m—1 m—+1 4,770
Uy, — Uy o lun—l (un + Up ) + U‘n—|—1

2A¢t 2 Ax? ’

where two initial data «2, u} need to be given.

(a) Find all solutions of the form
u™ = R(Ax, At; k)M—meikn
and give an expression for the general solution (i.e. for general u®, ul). Deduce

that the scheme is unconditionally stable in lp. 2

(b) Compute the truncation error at a point (zy,t,). Show that the scheme is con-
sistent with the heat equation only if lima; Ay—o At/Az = 0. Which PDE is the
scheme consistent with in the limit At, Az — 0 with At/Axz = )\ fixed?

(c) Explain briefly how you would choose At and Az optimally. Compare the perfor-
mance of the scheme to that of the explicit Euler method.

1
3}

(
.
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9. This exercise offers a more abstract take on the question of convergence. Consider a
“generic” equation
Au=1b
where u € X, be Y, X, Y linear spaces, A € L(X,Y) a linear operator from X to Y.

An approximation to this equation is written as
Apup = bp

where up € Xp, by € Yy, Xj, Yj, normed linear spaces with norms |- |x, and |- |y, ,
and Ay € L(Xp,Ys) a linear operator from X3 to Y. Assume Ay is invertible for all A,
Ayt € L(Yy, Xp) with standard operator norm | - [|.Define further operators Ry, : X —
Xy and Qp, 1 Y — Y}, and assume by, = Qpb.

Show that if

|QnAu — ApRpuly,, -0 for h =0
and if there exists a constant C with
-1
14, [|n < C,

then
|up, — Rpulx, — 0 for h — 0.

Explain briefly how this relates to the convergence theory of timestepping schemes.






