FINAL EXAMINATION - Finite Difference Applications in Finance

INSTRUCTIONS TO STUDENTS

- ATTEMPT ALL QUESTIONS IN SECTION A AND ANY OTHER TWO IN SECTION B.
- A SCIENTIFIC CALCULATOR WILL BE REQUIRED FOR THE EXAMINATION.

TIME
THREE HOURS

SECTION A

1. Consider the advection diffusion with positive drift g > 0,

ou o du Ju

— = ————nu—-, xz€eR, t>0.

ot~ 200> Mox -

(a) Assume in the following p > 0 and, for a finite difference scheme with step size At
and grid size Az, pAt < Az. Give a geometric interpretation to these conditions.

(b) Show that the implicit Euler scheme with upwinding difference for (5.66) is mono-
tone with respect to the initial data, «™ > 0 for all m > 0 if u? > 0. Deduce that
the scheme is stable in the maximum norm.

(¢) Define the implicit Euler discretisation in Lagrangian coordinates for (5.66), with
a general interpolating function. Show that for piecewise linear interpolation this
scheme is identical to the upwinding scheme, but with the modification that only
the second order difference is implicit, whereas the (first order) upwinding differ-
ence is explicit (i.e. evaluated at the previous timestep). Discuss stability of the
scheme.

2. Consider the 6-1-scheme (5.4) for the PDE (5.66). Using von Neumann analysis, assess
the stability of the scheme. Verify that the symbol for the special case of the central
difference scheme is given by (5.10). [Hint: You may want to prove and use the identity

(1 —n)exp(ik) + (2n — 1) — nexp(—ik) = 2(2n — 1) sin®(k/2) + isin(k) ]

3. Assume that a matrix K € R™*" satisfies the following conditions:
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i Ki; <0, 1<i,j<n, i#j
ii. K“>Z];éz|KIJ|* 159 S0

Show that:

(a) K is invertible;
(b) K~ > 0 elementwise, which is equivalent to saying that K~'u > 0 for all u € R"

with u > 0, where again non-negativity is elementwise;
(c) if the stronger inequality

Ki > 14 ) |Kj
J#
holds for an index 1 < j < n, then for the solution u! € R* of
Ku' = uo,
for this index j

ujl- < max (u?,maxu,i) :
k#j

(d) Discuss what the above properties mean for implicit finite difference schemes de-
fined by the matrix K.

4. (a) Show that (5.40) and (5.41) are the eigenvalues and eigenvectors of (5.39).

(b) Use Gershgorin’s theorem (Lemma 5.2.13) to estimate the eigenvalues of the con-
stant coefficient matrix (5.39) and compare with the exact values.

5. Consider an infinite version of the matrix K in (5.39), i.e. an operator K : ly — I,
(Ku)n = QUp-1 + bun + Cun41.

(a) Find the adjoint operator K* such that (Ku,v) = (u,K*v) where (-,-) is the
standard [y inner product. When is K self-adjoint?
(b) Show that K is a normal operator, i.e. KK* = K*K.

(¢) Find the eigenvalues of K corresponding to “eigenvectors” e
vectors” in [y?

ikn - Are these “eigen-

(d) Show that the operator K for non-constant ay, by, ¢, is not normal.
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6. Given is a tridiagonal matrix A = tridiag(a;, b, ¢i, n), i.e. of the shape of the matrix K;
from (5.27), with 0 < @41 /¢; fori=1,...,n— 1.

(a) Show that for a diagonal matrix D = diag(d;, n) such that

d? it
d?—{-l ¢’

the similarity transformation B
A=DAD™!

gives a symmetric, tridiagonal matrix A= tridiag(a;, Ej,éi,n) with b; = b;,a; =

Ci = \/Ai+1C;i.

(b) Show that A and A have the same eigenvalues, S(A) = S(A), and eigenvectors.
(c) Conclude that

max; |d;| |~
AM, < ——————p(A)™, 5.67
Ay < SOt () (5.67)
7. Consider the IBVP
du ou 1 , , 0*u

where o and p are differentiable functions of x and ¢ with
O<p<plrt)<p O0<o<o(xt)<o, x€(0,1),t>0. (5.69)

(a) Define the fully implicit central difference scheme for (5.68).

(b) Use Exercise 6 to calculate a symmetric matrix K which is similar to the discreti-
sation matrix K, by transformation with a diagonal matrix D.

(c) Use the Gerschgorin’s theorem (Lemma 5.2.13) to find a lower bound for the eigen-
values of K.

(d) Find upper and lower bounds for the diagonal elements of D.

(e) Using (5.67) and the previous two items, deduce that the implicit Euler scheme is
stable in the ly-norm.

(f) Explain briefly what you would expect to happen for the #-scheme?

(g) Retrace the steps to find out if (5.69) is crucial here, with a view of extending the
analysis to the case where the coefficients approach zero at the boundaries.
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SECTION B

1. For the Black-Scholes PDE, calculate analytically the truncation error of the implicit
Euler central difference scheme. What behaviour of the discretisation error do you

predict as

(a) At =0, AS fixed;
(b) AS = 0, At fixed;
(¢) At,AS — 0, At/AS fixed;
(d) At,AS =0, At/AS? fixed.

2. The Black-Scholes equation in log-price is given by

8V 1 282V 1.2 8V —
o T30 axa T =105~V =0, XeERte(0.T). (6.95)

(a) Write down the explicit finite difference scheme for this equation with M timesteps
and on an infinite grid with spacing AX. Denote V" the numerical approximation
att=mAt, X =nAz,n€Z m=0,...,M.

(b) Show that for a terminal condition of the form
VM _ gikn
the solution is of the form
V™ = Ro(Az, At; k)M=my M

and find Ry. [Hint: Prove and use that e*("+1) — ¢ik(n=1) = 2jeikngin k|
(¢) Give sufficient conditions for stability of the scheme. Are these necessary?

(d) Discuss, without proof, what this result indicates for [2 stability of explicit finite
differences for the Black-Scholes PDE in original coordinates.

3. Consider a European put option with parameters ¢ = 0.4, r = 0.05, K = 0.25, T = 1.
Set Spaz = 1. Implement the @-method for a PDE of the form (6.8), and specify the
coefficients i, o and r to compute numerical approximations to the Black-Scholes price

of the put, solving
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(a) the Black-Scholes PDE in S and t;
(b) the Black-Scholes PDE in log-price X and t as per (6.95);

(c) the heat equation in x and 7 as in (6.18).

The terminal condition in cases 3b. and 3c. is the payoff in transformed coordinates.
Use suitable upper and lower bounds for the computational domain (e.g. Xpin =
10g(K?/Spmaz) etc) and asymptotic boundary conditions as appropriate.

Compare the [, error (measured against the known analytical solution) of the numerical
solutions, for an increasing number of grid points, say N = 100, 200, 400, 800, identical
for all three approaches. Which method is most accurate?

Consider a European put with identical parameters to Exercise 3. For Crank-Nicolson
with and without Rannacher start-up, compute a finite difference solution with N = 512
grid intervals and M = 64 timesteps. Plot VM and V¥ versus S, forn = 0,..., N. From
these finite difference solutions, compute sensitivities

AT — n+1 Vm [ — n+l — va Vﬁnil
" 208 7 n AS?
for m = 0 and m = M, and plot them over S,, n = 0,..., N (using appropriate
modifications for n = 0, N, e. g. A" = —1 etc or appropriate one-sided differences).

Write the Crank-Nicolson scheme with Rannacher start-up as

M M
v Kl/z ;ng rKl &t/.!v

where you have to define Ky a;.

(a) Show that the eigenvectors of Ky a; are identical for all 8, At, and find the eigen-

values.
(b) If we introduce W = (Wy,...,Wy), the matrix of eigenvectors of K, vm =
W~IV™ contains the coordinates of V™ = (Vg",..., V")’ in the eigenvector basis.

Show that for Ag a; the diagonal matrix of eigenvalues of Ky a¢,
M- oM
Vo Al/? .r&tAI m/zV :

(c) Plot IT’M, and VO for r = 0,1,2.

(d) §imilaﬂy, define A™ = (AE . ..,AE’;)’,AT”" = (FE‘,...,F%)’, and A™ = W1A™,
' = W=Ir™, Compute AM and A?, TM and I'Y, the finite difference delta and
gamma represented in the eigenvector basis, and plot them, again for r = 0, 1, 2.
Interpret the result.
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